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KEY  TO  SYMBOLS 

Symbol 

Z  ring  of  integers 

Z  ring  of  integers  modulo  n 

N  set  of  nonnegative  integers 

A  x  B  Cartesian  product  of  sets  A  and  B 

IT  A.  product  of  the  family  of  objects  {A.  |i  e  1} 
iel 

©   E  A.  direct  sum  of  the  family  of  objects  {A. |i  e  1} 
iel 

f :  A  ■*■  B  f  is  a  function  from  A  to  B 

a  ■*■  f(a)  the  function  f  maps  a  to  f  (a) 

1.  the  identity  function  of  the  set  A 

g°f  or  gf  composite  function  of  f  and  g 

Af  inverse  image  of  the  set  A 

-  is  isomorphic  to 

R/I  factor  group  (ring)  of  R  by  I 

|s|  cardinality  of  the  set  S 
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A  generalization  of  the  concept  of  a  decomposition  of  a 
ring  into  a  direct  sum  of  ideals  is  introduced.   A  ring  R  is 
a  strong  supplementary  semilattice  sum  of  rings  R   (a  e  Y)  if 
Y  is  a  semilattice,  R  is  the  direct  sum  of  the  R   (a  e  Y)  con- 
sidered as  abelian  groups,  and  there  exists  a  family  of 
hcmoirorphisms  {<}>   R:R  "*  RR|a,3  e  Y,  a  >  3}  satisfying  the 
following  conditions: 

(i)   (J>     is  the  identity  map  on  R   for  each  a  e    Y; 

(ii)   for  a  >  3  >  Y   *a, 3*3,7  =  *a,y; 
(iii)   the  product,  x*y,  of  x  e  R   and  y  e  RR  for  a,3  e  Y 

is  defined  by  x*y  =  (x<{>    0)  (y4>D   0)  e  R  Q   where  aB  denotes 
1        2  a,a8  JtrB/a3     a  3 

the  product  of  a  and  3  in  Y.   Various  mapping  properties  of 
such  rings  are  investigated. 

The  question  of  describing  the  fT-radical  of  R  for  a 
radical  property  it  in  terms  of  the  n-radicals  of  the  R 
(a  e  Y)  is  investigated.   If  R   is  Tr-semisimple  for  all  a  e  Y, 
then  R  is  Tr-semisimple.   The  converse  is  false  in  general.   We 

vi 


determine  conditions  on  the  semilattice  Y  that  guarantee 
that  R  is  iT-semisimple  if  and  only  if  R   is  TT-semisimple  for 
all  a  e  Y.   If  it  is  a  strict,  hereditary  radical  property, 
then  the  ir-radical  of  R  is  the  sum  of  the  Tr-radicals  of  the 
R   (a  e  Y) .   In  the  case  that  all  principal  ideals  of  Y  are 
finite,  then,  for  an  arbitrary  radical  property  it,  the 
TT-radical  of  R  is  the  sum  of  ideals  that  are  isomorphic  to 
the  iT-radicals  of  the  R   (a  e  Y)  .   For  the  properties  of 
right  quasi-regularity ,  G-regularity ,  or  nil,  the  TT-radical 
can  be  described  in  terms  of  homomorphisms  from  R  onto  R 
for  a  e  Y. 

The  TT-radicals  of  various  matrix  rings  are  determined 
for  a  broad  class  of  radical  properties.   If  T  is  the  ring 
of  all  bounded  I  x  A  matrices  over  a  ring  R  with  sandwich 
multiplication  and  sandwich  matrix  P,  the  Tr-radical  of  T  is 
the  set  (A  e  T  |  PAP  has  entries  in  the  TT-radical  of  R}. 

The  above  results  are  applied  to  any  semigroup  ring  R[S] 
over  a  completely  regular  semigroup  to  effectively  reduce  the 
problem  of  determining  the  TT-radical  of  R[S]  to  the  group 
ring  case. 
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CHAPTER  1 
PRELIMINARIES 

In  this  chapter  we  introduce  some  fundamental  definitions 

and  results  that  will  be  used  throughout  this  dissertation. 

1.1.   Order  Theory 

A  set  P  together  with  a  relation  <  that  is  reflexive, 
antisymmetric,  and  transitive  is  called  a  partially  ordered 
set  or  poset.   A  chain  is  a  poset  in  which  any  two  elements 
are  comparable.   The  dual  poset  P*  is  the  poset  obtained  by 
inverting  the  order  relation  on  P.   The  order  relation  on 
P*  is  denoted  by  <*.   If  P  contains  a  unique  minimal  (maximal) 
element,  then  this  element  is  called  the  0-element  (1-element) 
of  P. 

Let  a,b  e  P.   We  say  that  b  covers  a  or  a  is  covered  by 
b  if  a  <  b  and  a  <  c  <  b  implies  a  =  c.   If  b  covers  a,  then 
we  write  a  <  •  b.   The  elements  covered  by  1  are  called 
copoints.   An  interval  of  P  is  any  set  [a,b]  =  {c  e  P|a  <  c < b} 
for  a,b  e  P.   P  is  locally  finite  if  every  interval  in  P  is 
finite . 

If  S  is  a  subset  of  P,  then  an  element  a  of  P  is  a  lower 
bound  of  S  if,  for  every  b  e  S;  a  <  b.   Further,  a  is  a 
greatest  lower  bound  of  S  if  a  is  a  lower  bound  of  S  and  if 
a  >  c  for  every  lower  bound  c  of  S.   If  S  has  a  greatest  lower 
bound,  it  is  unique.   We  denote  the  greatest  lower  bound  of 


S  by  g.l.b.S.   The  term  "meet"  will  frequently  be  used  in 
place  of  greatest  lower  bound.   A  poset  P  in  which  any  two 
elements  have  a  meet  will  be  called  a  lower  semilattice  or 
simply  semilattice.   The  concepts  of  upper  bound,  least 
upper  bound  or  "join,"  and  upper  semilattice  are  defined 
analogously.   A  poset  that  is  both  an  upper  and  a  lower  semi- 
lattice  is  called  a  lattice.   A  subset  S  of  P  is  called  a 
lower  (upper)  subsemi lattice  if  S  is  itself  a  lower  (upper) 
semilattice  and  meets  (joins)  in  S  coincide  with  meets  (joins) 
in  P. 

A  subset  I  of  a  poset  P  is  called  an  ideal  of  P  if,  for 
all  x,y  e  P,  the  conditions  x  e  I  and  y  <  x  imply  y  e  I.   For 
Sep,  the  set  {b  e  P|b  <  a  for  some  a  e    S}  is  an  ideal  of  P 
called  the  ideal  generated  by  S.   Ideals  that  are  generated 
by  singleton  sets  are  called  principal  ideals. 

Let  P  be  a  locally  finite  lower  semilattice.   The  Mob i us 
function  u:P  *  P  ->  Z  is  defined  inductively  by 

y(a,a)  =  1  for  all  a  e  P 

y(a,b)  =  -    E   y(a,c)  =  -    E   y(c,b)   if  a  <  b 
a<c<b  a<c<b 

y  (a,b)  =0  if  a  I  b 

Here,  c  indicates  that  the  sum  is  over  all  c  that  satisfy  the 
inequality.   Consider  as  an  example  the  following  diagram 
which  illustrates  the  partial  order  on  P: 


The  numbers  in  the  diagram  are  the  values  of  y(a,l)  for 

a  e  P. 

1.2.   Semigroups 

A  set  S  together  with  an  associative  binary  multiplica- 
tion is  called  a  semigroup.   A  nonempty  subset  T  of  S  is 
called  a  subsemigroup  if  T  is  closed  under  the  multiplication 
in  S .   A  subgroup  of  S  is  a  subsemigroup  which  is  also  a 
group  under  the  multiplication  in  S .   A  subsemigroup  T  of  S 
is  an  ideal  if  the  conditions  t  e  T  and  s  e    S  imply  that 
st,ts  e    T.   Any  nonempty  set  of  ideals  of  S  is  closed  under 
arbitrary  union  and  under  intersection  (if  nonempty) .   The 
intersection  of  all  ideals  of  S  containing  a  nonempty  subset 
A  of  S  is  the  ideal  generated  by  A.   A  principal  ideal  is  one 
generated  by  a  singleton  set.   S  is  simple  if  it  contains  no 
proper  ideals  (i.e.,  S  is  its  only  ideal). 

An  element  z  of  S  is  a  zero  of  S  if  z  =  sz  =  zs  for  all 
s  e  S.   A  semigroup  can  contain  at  most  one  zero.   A  semigroup 
with  zero  z  is  0-simple  if  S  and  z  are  its  only  ideals.   An 
element  e  of  S  is  an  identity  of  S  if  s  =  se  =  es  for  all 

s  e  S.   A  semigroup  can  contain  at  most  one  identity. 

2 

An  element  a  of  S  is  idempotent  if  a   =  a.   A  band  is  a 

semigroup  all  of  whose  elements  are  idempotent.   On  any 


commutative  band,  define  the  partial  order  a  <  b  if  and  only 
if  a  =  ab.   Under  this  ordering,  S  becomes  a  lower  semilattice, 
Conversely,  if  S  is  a  lower  semilattice  then S  is  a  commutative 
band,  where  the  product  of  any  two  elements  in  S  is  defined 
to  be  their  meet. 

A  mapping  (j>  from  a  semigroup  S  into  a  semigroup  T  is  a 
homomorphism  if  (acj))  (bcj>)  =  (ab)<j)  for  all  a,b  e  S.   An  equiva- 
lence relation  p  on  S  is  a  congruence  if  the  conditions  apb 
and  cPd  imply  acpbd.   If  <j>:S  ■*■  T  is  a  homomorphism,  then  the 
relation  p  on  S  defined  by  "apb  if  and  only  if  a<J>  =  b<}>"  is  a 
congruence  on  S. 

A  semigroup  S  is  a  semilattice  Y  of  semigroups  S   (a  e  Y) 
if  there  exists  a  homomorphism  <t>  of  S  onto  Y  such  that 
S   =  ad)    for  all  a  e  Y.   Note  that  S  is  then  the  disjoint 

union  of  the  subsemigroups  S   (a  e  Y)  and  that  S  S„  c S  fl  for 

3    r    a  a  3  ~  a3 

all  a, 3  e  Y.   S  is  called  a  strong  semilattice  Y  of  semigroups 

S    (a  e  Y)  if  S  is  a  semilattice  Y  of  semigroups  S   (a  e  Y) 

and  if  there  exists  a  family  of  homomorphisms  {<j>   „:  S   -»-  S„  | 

a, 3  e  Y,  a  >  3}  satisfying  the  following  properties: 

(i)   <t>      is  the  identity  map  on  S  ; 
a, a  *         r  a' 

(ii)   for  a  >-    3  a  Yf   ^,3*3^  -  4>a/Y; 
(iii)   for  a  e  S   and  b  e  SR,  the  product  ab  in  S  is 


defined  by 


ab  =  (ad)    „ )  (bd)c   0 ) 


Let  G  be  a  group.   Let  G   denote  the  semigroup  obtained 
by  adjoining  a  zero  element  0  to  G.   Let  I  and  A  be  nonempty 


sets,  and  let  P:  A  *  I  -»■  G  be  any  function.   A  function 
A:  I  x  A  -+   g   having  exactly  one  nonzero  value  is  called  a 
Rees  I  x  A  matrix  over  G  .   If  a  e  G,  then  (a) . ,  will  denote 

1 A 

the  Rees  I  x  A  matrix  whose  nonzero  value  a  is  the  image  of 
(i,A).   The  image  of  (X,i)  under  P  is  denoted  by  p, . .   We 

A 1 

define  the  product  of  two  Rees  I  x  A  matrices  A  =  (a) . ,  and 

1 A 

B  =  (b) .   by 

A  °  B  =  (ap,  .b)  .  . 

Under  the  multiplication  the  set  of  all  Rees  I  x  A  matrices 
over  G   forms  a  semigroup  called  the  Rees  I  *  A  matrix  semi- 
group without  zero  over  the  group  G  with  sandwich  matrix  P. 
This  semigroup  is  denoted  by  M(G;I,A;P). 

An  idempotent  f  of  a  semigroup  S  is  said  to  be  primitive 
if  f  *  0  and  if,  for  any  idempotent  e  of  S,  the  condition 
e  <  f  implies  e=0ore=f.   A  semigroup  is  completely  simple 
if  it  is  simple  and  contains  a  primitive  idempotent.   In 
particular,  any  finite  semigroup  without  zero  is  completely 
simple.   A  semigroup  with  zero  is  called  completely  0-simple 
if  it  is  0-simple  and  contains  a  primitive  idempotent. 

An  important  theorem  due  to  Rees  [2,  Theorem  3.5]  states 
that  a  semigroup  S  is  completely  simple  if  and  only  if  it  is 
isomorphic  to  a  Rees  I  x  A  matrix  semigroup  without  zero. 

If  s-|S2  =  S-,,  for  all  s,,Sp  e  S,  then  S  is  called  a  left 
zero  semigroup.  If  s,s„s_  =  s,s..  for  all  s,  ,s_,s_  e  S,  then 
S  is  called  a  rectangular  band.  If,  for  any  s,  and  s-  in  S, 
there  exists  one  and  only  one  element  s.,  of  such  that  s..s,  =  s_, 


then  S  is  called  a  left  group.   Left  zero  semigroups,  rectang- 
ular bands,  and  left  groups  are  all  examples  of  completely 
simple  semigroups. 

The  following  assertions  concerning  a  semigroup  S  are 
mutually  equivalent: 

(i)   S  is  a  union  of  groups; 
(ii)   S  is  a  union  of  completely  simple  semigroups; 
(iii)   S  is  a  semilattice  of  completely  simple  semigroups  C2, 
Theorem   4.61.    Such  a  semigroup  is  called  completely  regular. 
Thus,  every  completely  regular  semigroup  is  isomorphic  to  a 

semilattice  Y  of  Rees  I   *  A   matrix  semigroups  M(G  ;I  , A  ;P  ) 

a    a  '   r     a  a  a  a 

(a  e  Y) .   If  a  semigroup  S  is  a  semilattice  of  groups,  then 
S  is  a  strong  semilattice  of  groups    [2,  Theorem  4.11]. 

1.3.   Semigroup  Rings 

Let  R  be  a  ring,  and  let  S  be  a  semigroup.   Then  the 

semigroup  ring  R[S]  is  the  set  of  all  formal  finite  sums  of 

the  form   E  r  s  where  r   e  R.   Addition  and  multiplication 
seS 

are  defined  by 


E  r  s  +   E  r'  s  =   E  (r   +r')s 
SeS  S     SeS  S     SeS   S     S 


and 


(  E  r  s) (  E  r!t)  =    E   r  r!  st  =   E  (  E   r  r!)u. 
seS      teS  r      s,teS  S  t       ueS  st=u  S 


Under  these  operations  RLS]  forms  a  ring. 

If  S  is  the  trivial  semigroup,  then  R[S]  is  clearly 
isomorphic  to  R.   If  a  ring  T  is  isomorphic  to  a  semigroup 


ring  RES],  where  S  is  nontrivial,  then  we  say  that  T  has  a 
nontrivial  realization  as  a  semigroup  ring. 

1.4.   Twisted  Semigroup  Rings 

Let  R  be  a  ring  with  identity,  and  let  S  be  a  semigroup, 
Let  y  be  a  function  from  S  x  S  into  the  group  U  of  central 
units  of  R  that  satisfies  the  condition 


Y  (s-/s2)y  (s^^s^  =  y  (s2,s3)  y  (s1,s2s3) 

for  all  s,,s-,s,  e  S.   We  call  y  a  twist  function.   The 
twisted  semigroup  ring  R  ES]  with  twist  function  y  is  the 
set  of  all  formal  finite  sums   E  r  s,  where  r   e  R  with 

c   C   S  S 

seS 


addition  defined  by 


E  r  s  +   E  r's  =   E  (r  +r  '  )s 

cCS      <,  c  s      „css 
Seb       SeS       SeS 

and  multiplication  defined  distributively  by 


rlSl  *  r2S2  =  rlr2Y(sl'S2)slS2 

for  r. ,r2  e  R  and  s,,s„  e  S.   Note  that  if  y(s,,s2)  =  1  for 
all  s,,s2  e  S,  then  R  ES]  is  the  semigroup  ring  RES]. 


1.5.   Matrix  Rings 

Let  R  be  a  ring,  and  let  I  and  A  be  sets.   An  I  x  A 
matrix  over  R  is  a  mapping  A:  I  x  A  -»■  R.   The  value  of  (i,X) 
is  denoted  by  a.,  and  is  called  the  (i, A) -entry  of  A.   Addition 
of  I  x  A  matrices  is  defined  in  the  usual  manner.   If  A  is  an 
I  x  A  matrix  over  R  and  B  is  a  A  x  I  matrix  over  R,  then  the 
product  AB  is  defined  to  be  the  I  x  I  matrix  over  R  whose 
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(i,j) -entry  is   £  a.,b, .  provided  that  this  sum  exists  in  R 

XeA  lA  AD 

(i.e.,  that  all  but  a  finite  number  of  the  summands  are  zero). 

An  I  x  A  matrix  A  is  said  to  be  row  bounded  if  there 
exists  a  finite  subset  N  of  A  such  that  a . ,  =  0  whenever 

1 A 

X    I  N.   Column  bounded  matrices  are  defined  analogously.   The 

set  of  all  I  x  A  row  (column)  bounded  matrices  over  R  is 

denoted  by  M*(R;I,A)  (M*(R;I,A)).   The  intersection 

M*  (R;I,A)  of  M*(R;I,A)  and  M*(R;I,A)  consists  of  all  matrices 
py  p  y 

which  are  both  row  and  column  bounded  and  therefore  have  only 
a  finite  number  of  nonzero  entries.  Such  matrices  are  called 
bounded. 

Let  P  be  a  fixed  but  arbitrary  A  x  I  matrix  over  R.   If 
A  is  a  bounded  I  x  A  matrix  over  R,  then  AP  and  PA  are  column 
bounded  I  *  I  and  row  bounded  A  x  A  matrices,  respectively. 
For  A,B  e  M*  (R;I,A),  (AP)B  and  A(PB)  are  bounded  I  x  A 
matrices,  and  it  is  easily  shown  that  (AP)B  =  A(PB).   We  define 
the  product  °  of  A  and  B  to  be 

A  o  b  =  APB. 

Under  this  multiplication,  the  set  of  all  bounded  I  x  A 
matrices  over  R  forms  a  ring,  denoted  by  M*  (R;I,A;P).   The 
multiplication  in  M*  (R;I,A;P)  is  called  sandwich  multiplication, 
and  P  is  called  the  sandwich  matrix. 

Let  M(G;I,A;P)  be  the  Rees  I  x  A  matrix  semigroup  without 
zero  over  a  group  G  with  sandwich  matrix  P.   Let  R  be  a  ring. 
Then  the  semigroup  ring  R[M (G; I , A; P) ]  is  isomorphic  to 
M*  (R[G];I,A;P)  in  the  following  natrual  way:   Let 

r-  T 


n 

x  =   E  r.s.  e  R[M(G;I,A;P) ] .   Each  s .  is  a  Rees  I  x  A  matrix 
.,11  1 

1=1 

over  G  ;  suppose  s.  has  g.  *    0  as  its  (k ., X .) -entry  and  zero 

elsewhere.   Map  r.s.  onto  the  element  of  M*  (R[G];I,A;P)  with 

r.g.  as  its  (k. , X .) -entry  and  zero  elsewhere.   Extend  this 
i^i  11      2 

map  linearly  to  all  of  R[M(G; I, A; P) ] ;  thus,  x  maps  to  the  sum 
of  the  images  of  r.s.  (i  =  l,2,...,n).   This  map  is  an  iso- 
morphism of  R[M(G;I,A;P) ]  onto  M*  (R[G] ; I , A; P) .   See 
Weissalass [11]  for  details. 


1.6.   Radicals 

Let   it  be   a   certain  property   that  a   ring  may   possess.      We 
shall    say   that   the   ring  R  is   a   TT-ring   if   it  possesses   the 
property   it.      An   ideal   J  of   R  will   be   called   a   TT-ideal   if  J 
is   a   u-ring.      A  ring  which   does   not  contain   any  nonzero 
Tr-ideals  will   be   called   tt-  semi  simple . 

We    shall   call   tt   a   radical   property   if   the   following 
conditions   hold: 

(i)      Any   homomorphic   image   of   a   Tr-ring   is   a   Tr-ring    (i.e., 
tt   is   homomorphic    invariant  property)  ; 

(ii)      Every   ring   R  contains   a   TT-ideal    U(R)    which   contains 
every   other    TT-ideal   of   R; 

(iii)       The    factor    ring   R/U(R)    is    TT-semisimple . 
U(R)    is    called   the    tt- radical   of   R.      A   Tr-ring   is    its    own 
TT-radical,    and  we   call    it   a    Tr-radical    ring. 

We   describe    several    important   radicals.         For   details 
see    [ 3] . 
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A.  The  Jacobson  Radical  J 

An  element  x  of  a  ring  R  is  right  quasi-regular  (r.q.r.) 
if  there  exists  an  element  y  of  R  such  that  x  +  y  -  xy  =  0. 
An  equivalent  definition  is  that  x  e  R  is  r.q.r.  if  the  set 
{xr  -  r|  r  e  R}  coincides  with  R.   A  ring  is  said  to  be  r.q.r. 
if  each  of  its  elements  is  r.q.r.   Right  quasi-regularity  is  a 
radical  property.   The  Jacobson  radical  J (R)  =  {x  e  R | xR  is 
r.q.r.}.   An  element  x  of  R  is  left  quasi- regular  (l.q.r.)  if 
there  exists  y  e  R  such  that  y  +  x  -  yx  =  0 .   An  element  that 
is  both  r.q.r.  and  l.q.r.  is  said  to  be  quasi- regular.   An 
ideal  of  R  is  quasi-regular  if  each  of  its  elements  is  quasi- 
regular.   J (R)  is  a  quasi-regular  ideal.   For  any  collection 

of  rings  {R. |ieI}/J(HR.)=   H  J(R.) . 

iel  1     iel    1 

B.  The  Brown-McCoy  Radical  G 

An  element  x  of  a  ring  R  is  said  to  be  G- regular  if 

n 

x  e  G(x)  =  {xr  -  r  +   E  (r.xs.  -  r.s.)|n  e  N,  r,r.,s.  e  R}. 

.  ,   11     ii1  11 

G-regularity  is  a  radical  property.   The  Brown-McCoy  radical 

is  G(R)  =  {x  e    R|G(x)  =  R}.   For  any  collection  of  rings 

{R. |i  e  I},  G(  n  R. )  =   n  G(R. ) . 
i1  .  _  i     .  T   x 

iel       iel 

C.  The  Nil  Radical  W 

An  element  x  of  a  ring  R  is  said  to  be  nilpotent  if 
there  exists  a  positive  integer  n  such  that  x   =0.   A  ring 
R  is  said  to  be  nil  if  every  element  of  R  is  nilpotent.   The 
nil  property  is  a  radical  property,  and  hi  (R)  =  {x  e  R  |  xR  is 
nil}  is  the  nil  radical  of  R. 
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D.   The  Baer  Lower  Radical  B 

A  ring  is  said  to  be  nilpotent  if  there  exists  a  positive 
integer  n  such  that R  ={0}.   The  nilpotent  property  is  not  a 
radical  property.   We  define  6 (R)  in  the  following  manner. 

Let  N  be  the  join  of  all  the  nilpotent  ideals  of  R. 
Let  N,  be  the  ideal  of  R  such  that  N,/N   is  the  join  of  all 
the  nilpotent  ideals  of  R/N^.   In  general,  for  every  ordinal 

a  which  is  not  a  limit  ordinal,  we  define  N   to  be  the  ideal 

a 

of  R  such  that  N  /N   ,  is  the  union  of  all  the  nilpotent 

a  a-1  c 

ideals  of  R/N   ,.   If  a  is  a  limit  ordinal,  we  define 
'a-1 

N  =   u  ND.   In  this  way,  we  obtain  an  ascending  chain  of 

a    0<a  6 

ideals  Nn  :  N,  c  . . .  c  N   c  . . .  .   if  the  set  R  has  ordinal 
0  -   1  -     -   a  - 

number  v,  then  this  chain  must  terminate  after  at  most  v  steps, 
We  may  then  consider  the  smallest  ordinal  x  such  that 
N   =  N  ,,=...  .   This  ideal  N  we  shall  call  6 (R) ,  the 

T      T+l  T 

Lower  Baer  Radical  of  R. 


E.   The  Levitzki  Radical  L 

A  ring  is  locally  nilpotent  if  any  finite  set  of  elements 
generates  a  subring  that  is  nilpotent.   Local  nilpotence  is  a 
radical  property.  L (R)  is  the  join  of  all  the  locally  nil- 
potent  ideals  of  R  and  is  itself  a  locally  nilpotent  ideal. 

A  radical  property  it  is  strict  if  every  iT-subring  of  a 
ring  R  is  contained  in  U (R) ;  equivalently ,  every  subring  of  a 
TT-semisimple  ring  is  7T-semisimple.   A  radical  property  tt  is 
hereditary  if  every  ideal  of  a  iT-ring  is  a  ir-ring.   The 
properties  of  right  quasi-regularity ,  G-regularity ,  and  nil 
are  hereditary. 


CHAPTER  2 
STRONG  SUPPLEMENTARY  SEMILATTICE  SUMS 

Many  substantial  results  in  the  theory  of  rings  are 

concerned  with  a  decomposition  of  a  ring  into  a  direct  sum 

of  ideals.   In  this  chapter  we  introduce  a  generalization  of 

direct  sum  decompositions. 

Let  R  be  a  ring,  let  Y  be  a  set,  and  let  {R  }   .,   be  a 
3  a  aeY 

collection  of  subrings  of  R.   Then   E   R   =  {r   +r   +...+r 

3  a  a,      a_  a    ' 

aeY  12  n 

n    e    Z    ,    r         e    R      }.       Ris    called   a    semilattice    sum  of   rings 

a .     a .  —  ■2— 

i     i 

R   (a  e  Y)  if  Y  is  a  semilattice,  R  =   E   R  ,  and  R  RD  c R 

a  a^y      a       «  P    ap 

for  all  a, 3  e  Y.   If  R  is  a  semilattice  sum  of  rings  R 

(a  e  Y)  and  if,  for  every  a  e  Y,  R   n   E   RR  =  {0}  (i.e.,  if 

the  sum  is  direct  considered  as  abelian  groups  under  addition) , 

then  R  is  called  a  supplementary  semilattice  sum  of  rings 

R   (a  e  Y)  .   We  call  R  a  strong  supplementary  semilattice 

sum  of  rings  R    (a  e  Y)  if  R  is  a  supplementary  semilattice 

sum  of  rinos  R    (aeY)  and  there  exists  a  familv  of  homo- 
a 

morphisms  {cj>   R:R  -►  RR|  a,3  e  Y,  a  >  3)  satisfying  the 
following  conditions: 

(i)   <b     is  the  identity  maD  on  R  ; 

Ya , a  J  a 

(ii)   for  a  >  3  >-   Y,   VsVy  =  *a/Y; 
(iii)   for  each  x  e  R   and  y  e  RQ ,  the  product  in  R  of  x 

and  y,  x  ♦  y,  equals  the  product  (xd>    „)  (yd)„  n)    in  R  n . 
1  J '      ^         ^         Ya,a3     3»a3      a3 

The  concept  of  supplementary  semilattice  sum  was  first 
introduced  by  VJeissglass  [11].   If  R  is  a  direct  sum  of  ideals 

12 
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I  ,  a    e    Y,  then  R  is  a  strong  supplementary  semilattice  sum 

of  the  subrings  I   (a  e  Y) .   For  if  a  and  3  are  distinct 

elements  of  Y,  then  I  L  ='{0},  and  therefore  multiplication 

on  Y  can  be  defined  by  a$  =  an,  where  an  is  a  fixed  element 

of  Y.   Under  this  multiplication,  Y  becomes  a  semilattice. 

For  each  a  e  Y  such  that  a  *  a„,  let  d>     :  I  ■*■   I    be  the 

zero  homomorohism.   For  all  a  e  Y  let  d>    :  I   ->  I    be  the 

ra,a    a     a    =»-*«= 

identity  map.   Clearly,  the  family  {A   „:  I   ->  I„|a  3  e  Y,a>3} 
satisfies  the  conditions  that  make  R  a  strong  supplementary 
semilattice  sum  of  the  subrings  I   (a  e  Y) . 

Examples  of  strong  supplementary  semilattice  sums  of 
rings  abound. 


Example  2.1.   Let  S  be  a  strong  semilattice  Y  of  semi- 
groups S   (a  e  Y) ,  and  let  R  be  a  ring.   Each  of  the  associated 
semigroup  homomorphisms  $      R:  S  -*■   SR  (a,  3  e  Y,  a  >  6)  deter- 


mines in  a  natural  way  a  ring  homomorphism  from  R[S  ]  into 

R[SR]  defined  by 

n  n 

E  r  .  s  .   >   Z  r  .  ( s  .  d>   0 ) 

i  =  l  1  1         i=i  ^  ^^3 

where  r.  e  R  and  s.  e  3  .   We  also  denote  this  mapping  by 
<j)   o  for  convenience.   Clearly,  this  family  of  ring  homomor- 
phisms satisfies  the  conditions  that  make  the  semigroup  ring 
R[S]  a  strong  supplementary  semilattice  sum  of  the  rings 
R[Sa]  (a  e  Y)  . 

Example  2.2.   Let  T  be  any  ring,  and  let  Y  be  any  upper 
semilattice  contained  in  the  lattice  of  ideals  of  T.   For 
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each  a  £  Y,  let  R  =  T/a.   For  a, 6  e  Y*  such  that  a  >*  $, 

let  <p      „:  R  ->■  RR  be  the  canonical  homomorphism.  "Then 

R  =   E   R   is  a  strong  supplementary  semilattice  sum  of  the 

aeY*  a 
rings  R   (a  e  Y*) . 

In  general,  a  ring  defined  as  in  Example  2.2  cannot  be 

realized  as  a  semigroup  ring  except  in  the  trivial  way.   To 

illustrate  this  assertion,  we  consider  rings  constructed  by 

the  method  of  Example  2.2  in  the  following  two  examples. 

Example  2.3.   Let  P.  be  the  strong  supplementary  semi- 
lattice  sum  of  the  rincs  R   =  Z.    and  R0  =  Z~,  where  the 

a     4       p     2 

associated  semilattice  is  the  two  element  chain  {a  >  3}  and 
the  associated  non-identity  homomorphism  $   R:  R  -*■   RR  is 
the  canonical  homomorphism.   Then  as  an  abelian  group 
R  =  Z.    ©  Z~.   Multiplication  in  R  is  defined  by 

(a,b)-(c,d)    =    (ac,  (a*      a)d+b(c<J>      fl)+bd), 

where    (a,b),     (c,d)     e    R. 

R  cannot  be  realized  as  a  semigroup  ring  except  in  the 
trivial  way.   For,  if  R  were  isomorphic  to  T[S]  for  some 
ring  T  and  semigroup  S,  then  as  abelian  groups  R  =  Z.  ©  Z„  = 
©  I    T.   Hence   |s|  =1  and  T  =  Z.    ©  Z9  by  the  Fundamental 

[s| 

Theorem  of  Finitely  Generated  Abelian  Groups. 

Example  2.4.   Let  Y  be  the  lattice  of  ideals  of  Z  con- 
sisting of  Z,  {0},  and  all  ideals  generated  by  a  prime  p. 
Then  Y*  has  the  following  order  structure: 
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•  • 


Let  R  =   E   R  be  as  defined  in  Example  2.2.   Then  R  is  a 
aeY*  a 

strong  supplementary  semilattice  sum  of  the  rings  Z,  {0},  and 


Z   (p  prime)  . 
P 

R  cannot  be  realized  as  a  semigroup  ring  except  in  a 
trivial  way.   For,  if  R  were  isomorphic  to  T[S]  for  some  ring 

T  and  some  semigroup  S,  then  as  abelian  groups  R  =  ©   E   R  - 

aeY*  a 

©   E  T.   For  each  prime  p,  let  T   denote  the  p-primary  part 

of  T.   Then  under  the  above  isomorphism  the  p-primary  part 

of  T[S],  ©   E  T  ,  is  isomorphic  to  the  p-primary  part  Z   of  R. 
I  s  I 

Since  Z   is  indecomposable,  then  |s|  =1  and  T  -  R. 

Many  supplementary  semilattice  sums  of  rings  are  neces- 
sarily strong  supplementary  semilattice  sums  of  rings.  Con- 
sider the  following  example. 

Example  2.5.   If  R  is  a  supplementary  semilattice  sum 

of  rings  R   (aeY),  each  of  which  contains  an  identity  e 
^    a         '  J      a 

and  no  other  nonzero  idempotent,  and  e  eR  *  0  for  all  a, 3  e  Y 
with  a  >  3,  then  we  can  define  the  following  family  of  mappings 


<J>   Q:  R   ■*  RD:  x  >  xe„, 

Ya, 6    a     3  3 

where  a, 6  e  Y  such  that  a  >  3.   By  the  distributive  law  in  R, 

4>   Q  preserves  addition.   For  x,y  e  R  ,  (xy)<|>  Q    =  (xy)eQ  = 
a ,  p  -1-  ex       a ,  p        p 

x(ye6)  =  x(eByeB)  =  (xe&)  (ye&)    =    (x0a  ^)  (y^  ^  g)  .   Hence,  <f>^  g 
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preserves  products.   Clearly,  <j>      is  the  identity  map  on 

Ra.   Now,  (eaeB)2  =  (eae6)(eaeg)  =  ea(eB(eaeR))  =  ea((eaeB)eg) 

=  (e  e  )  (e0e0)  =  e  e„.   Since  e0   is  the  unique  idempotent 
a  a   3  3     a  3  3  ^       r 

in  R0 ,  e  e0  =  e0.   Thus,  if  a  >  M  Y  and  x  e  R  ,  then 
3   a  3    3  a' 

"Vb^Y  =  XeBeY=XSY  =  X*a,Y*   F°r  eaCh  X  6  Ra  and  *   e  R3 
(a, 3  €  Y),  (x4.afaB)(y<0graB)  =  (xeaB)  (yeaB)  =  x(eaB(yeaB))  = 

x((ye  R)e  R)  =  xye  „  =  xy.   Thus,  the  family  of  homomorphisms 

{6   R:  R  -*  RR  |  a,  3  £  Y ,  a  >  3)  satisfies  the  conditions  that 

make  R  a  strong  supplementary  semilattice  sum  of  the  rings 

Ra  (a  e  Y)  . 

We  begin  the  investigation  of  strong  supplementary 

semilattice  sums  by  considering  another  associated  family  of 

homomorphisms.   For  the  rest  of  this  chapter  we  assume  that 

R  is  a  strong  supplementary  semilattice  sum  of  rings  R   (a  e    Y) 

For  each  x  e  R  and  a  e  Y,  we  define  x   to  be  the  projection 

of  x  onto  R  .   We  define  supp  x  =  {a  e  Yl  x   *  0}  .   For  each 

a  cc  'a 

a  £  Y ,  we  define  the  mapping  4  :  R  ->  R   by 

x4   =   Z   x0d)0 
a    3^a   B  B'a 


Lemma  2.6.   The  family  {d>  :  R  -»-  R   a  e    Y}  defined  above 
is  a  family  of  onto  ring  homomorphisms. 

Proof.   Let  a  e    Y,  and  let  x,y  £  R.   Then  (x+y) A 
^VjjV^  "  (ZB(Vy3ma  =  ^a  (x3+y3)  *3,a  =  j^  (x3*3,a+y3*3  ,a> 

•       •  •  •  • 

=  g>aV6fa  +  3>aYB03,a  =  x*a  +  y*a'  and  <x'Y)*a  =  (  ^V  (^y3)  ]  ^ 
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=    (Z       (xrad>„    „    )  (y    d>       „    )  )  <b      =    E  (  (x„d>_    _    )  (y    tb       „    ))d>„ 

g^Yv    8^8,3y     yY*Y,8Y      Ta        3,Y^a        8^6 ,  3y      ^Y ,  3y      v8y ,  a 

•         •  •        • 

=   I  (xD4>„    0    d>„         )  (y   <b      0(J)D         )    =    Z  (x0<b0       )  (y   tb         ) 

3,y>a      By8,8Yv3Y/a '  w Y^Y, 8Yy8Y,a'         3,Y>a      3    3 '  Y^Y,a' 


=    {lR>   Vs,^  (!L    y8*8,a)    =    (xV  (^a}  '      Hence'    *a    is   a   rin<? 

JO  —  UO  P  —  LX 

homomorphism.   Since  R  <b   =  R  ,  A   is  onto. 

^  a  a     a'  va 

It  follows  from  Lemma  2.6  that  if  tt  is  any  homomorphic 
invariant  property  of  rings  and  R  is  a  iT-ring,  then  R   is  a 
Tr-ring  for  all  a  e  Y.   In  particular,  if  R  has  d.c.c.  (a.c.c.) 

on  left  ideals,  then  R   has  d.c.c.  (a.c.c.)  on  left  ideals 

'a 

for  all  a  e  Y.   The  converse  is  in  general  false  unless  Y 
is  finite. 


Theorem  2.7.   If  Y  is  finite,  then  R  has  d.c.c.  (a.c.c.) 
on  left  ideals  if  and  only  if  R   has  d.c.c.  (a.c.c.)  on  left 
ideals  for  all  a  e  Y. 


Proof.   We  first  prove  the  result  in  the  case  when  Y 

has  just  two  elements.   If  R  =  R   +  R. ,  then  either  a3  =  8a = a 

J  a     8' 

or  a8  =  8a  =  8.   Without  loss  of  generality  we  assume  a8  =  8a 
=   8.    Then  R  R„  £  r   and  RRR  £  r  ,  which  implies  that  R„ 

is  ideal  of  R.   Now  R/R0  -  R  /(R   n  RD )  -  R  .   Hence,  R  has 

'     3     or   a     8      a 

d.c.c.  (a.c.c.)  on  left  ideals  if  and  only  if  R   and  RD  have 

2  a  8 

d.c.c.  (a.c.c.)  on  left  ideals  [4,  Theorem  8.1.5]. 

Suppose  |y|  >  2  and  assume  that  the  result  holds  for 
all  strong  supplementary  semilattice  sums  over  semilattices 
with  cardinality  less  than  |y| .   Let  a  e  Y  that  is  not  the 
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zero  of  Y.   Let  I   =   E  RQ ,  and  let  F   =   E  RD.   Then  I   and 

a    „.   3  a    Cs   p         a 

3£a  B>a 

F   are  strong  supplementary  semilattice  sums  over  semilattices 

of  cardinality  less  than  |y|.   Hence,  I   and  F.  have  d.c.c. 

(a.c.c.)  if  and  only  if  RR  has  d.c.c.  (a.c.c.)  for  all  3  e  Y. 

Clearly,  I   is  an  ideal  of  R  and  R/I   =   F  .   Hence,  R  has 
2 '      a  '  a     a 

d.c.c.  (a.c.c.)  on  left  ideals  if  and  only  if  I   and  F   have 

2  a       a 

d.c.c.  (a.c.c.)  on  left  ideals.   The  result  follows  by 
induction. 

We  next  consider  a  fundamental  mapping  property  of  strong 
supplementary  semilattice  sums. 

Theorem  2.8.   Let  R  and  T  be  strong  supplementary  semi- 
lattice  sums  of  rings  {R  }   ..  and  {T  }   „,  respectively,  over 

3  a    aeY  a    aeY  c  J 

the    same    semilattice   Y.       Let    {tb      „:    R      ■*■   RD[a,3    e    Y,    a    >    3} 

Ta, 3   a    3 ' 

and  {4  :R-»-R  la  e  Y}  be  the  families  of  homomorphisms  associ- 

ra  a '  e 

ated  with   R.       Let    {\p      D :    T      ->   T0|a,3    e    Y,    a    >    3}      and 

ra, 3    a     3 

{^  :  T  ■*   T  |  a  e  Y}  be  the  families  of  homomorphisms  associated 
with  T.   Let  {f  :  R   ->-T|aeY}bea  family  of  homomorphisms 
making  the  following  diagram  commute  for  all  aeY. 


f 
a 


f3 


T  AiA_>  i 
a  3 


Then  there  exists  a  unique  homomorphism  .8:  R  ->•  T  making  the 
following  diagram  commute  for  all  aeY. 
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a 


->  R 


a 


a 


a 


->  T 


a 


Proof.   By  definition  of  the  direct  sum  of  abelian 
groups  [4,  Theorem  1.3.5],  the  mapping  0  defined  by 
x0  =  Z    x  f   is  the  unique  additive  homomorphism  making  the 


aeY 


a  a 


following  diagram  commute  for  all  aeY: 


R 


a 


->  R  = 


a 


Z    R. 
aeY 


a 


v 
T 


'a 


V 

->  T 


E  T 
aeY  ' 


Let  x,y  e  R.   Then  (x  •  y)  6'  =  (  (  Z   x  )  •  (  Z   y  ) )  6  = 

aeY 

(  I   v(xa*a,a6)(Y64,6,a3))e  =    l   v  (  (xa*a,  a8}  (y8*B,aB)  }  f  «8 
a ,  pe Y  a ,  8eY 


Z       (x 

a,6eY 


Ia,a8fa8)  (YA,aBfa8) 


aJeY(xaVa,aB)(y8f3'^,a6)  = 


I   v(xafa)"(y3fe)  =  (  Evxafa> *  V v*Sf BJ  =  (xe)*(y9)-   Hence 
a,3eY  aeY        8eY 

9  preserves  multiplication. 

Let  x  e  R.   Then  x9  if»   =  (  E  xRfRH   =   E  xRfR^R     = 

a  3eY    B    6      a         3>a    3    3    3'a 

E    xj„      f      =    (    E    x0d)0      )f      =    (xcf>    )f    .      Hence,    EMJj      =    d>    f 

0^   8  3, a  a    v~    8  8, a   a     Ya   a        '   ra    Ya  a 
B^a  3^a 

for  all  aeY. 

Suppose  that  g:  R  •*  T  is  a  homomorphism  such  that 


q\b      =  <f>  f   for  all  aeY.   Let  aeY  and  let  x   e  R  .   If 

x  a  =  0,  then  0  =  0iJj   =xgU)   =  x  d>  f   =xf,  and  hence 

a^  ra     a^3  a     a  a  a     a  a 
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x   a   =   x   f    .       If   x  a   *    0,    then   let    6   be   maximal    in   suop   x   q. 
If    M   «,    then    (x  g)  R   =    (x  gHR   =   x  JRffi   =   0fR   =   0,    which   is 


aJ  p 


ay'^3  "   a^3"3 


a  contradiction.   Hence,  3  ^  a.   If  6  <  a,  then  0  =  (x  g)   = 

xgijj      =   x   <f)    f      =xf;    thus    (x   a)  Q    =   x   aU)0    =   x    d>DfQ    = 
a^ra  or  a    a  a   a  ar    3  a^r3  a    3    p 

Va,3f3   =   xafcrVe   =   °^a,6   =    °'    which   is   a   contradiction. 
Hence    6   =   a,    and    (xag)  a   =   xag^a   =   xjafa   =   x^.      Suppose 
there   exists   y    e    Y   such   that   a   covers   y    in   supp  x   g.      Then 

X    d)         f      =    x    d)    f      =    X    criii      =     (x    q)       +     (x   q)     ij)  =     (x    q)       + 

cra,y    Y  cry    Y  adry  a^'y  a^    cra,y  ay/y 

(x   f   )i)j  =    (x  q)      +  x   (J)      „f,,;    thus    (x  q)      =0,    which   is   a 

a    a    rCL,y  a^    y  ora,y    Y  a^    y  ' 

contradiction.      Hence    supp   x   q   =    {a},    and   x    f      =    (x   g)       =   x   q, 
Thus,    for    all    a    e    Y,    the    following   diagram   commutes: 


R 


a 


a 


a 


->    R 


->    T 


But  6  is  the  unique  homomorphism  with  this  property.   Hence 


=  q. 


Theorem  2.9.   If  {f  :  R 
a    a 


T  la  e  Y}  is  a  family  of 


a 


one-to-one  homomorphisms  (onto  homomorphisms) ,  then  6  is 
one-to-one  (onto) . 

Proof.   Suppose  that  f   is  one-to-one  for  all  a  e  Y. 

Let  x,y  e  R  such  that  x9  =  y8  .   Then,  for  all  a  e    Y,  xcj)  f   = 

xGiii      =    y9il)      =    yd)    f    .       Since    f      is    one-to-one,    xcb      =    yd)       for 
a        J      a        -*ra   a  a  a        J    a 

all  a  e  Y.   Let  P  =  supp  x  u  supp  y,  and  let  a  be  maximal  in 


P.   Then  x   =  x<J>   =  yd)   =  y  .   Let  3  e  P  such  that  3  is  not 
maximal  in  P.   Assume  for  all  y  >    3,  Y  e  P,  that  x   =  y  . 
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Then  XB  =  XB  +  y^Vy,3  "  y^Vy,S  =  x*3  -  y^Vy,3  = 

Y*3  "   Z  yy*y,3  =  Y3"   By  induction'  x3  =  Yg  for  a11  3  e  P, 
and  hence  x  =  y.   Thus  6  is  one-to-one. 

Suppose  that  f   is  onto  for  all  a  e  Y.  Let  y  £  T.   Then, 

for  each  a  e  supp  y,  there  exists  x  e    R   such  that  x  f   =  y  . 

rjrj;'  aa  a    a        ^  a 

Let   x   =  Z  x    .      Then   xG=  I  xf=  Z  Y=y- 

ct  ct   ct  ct 

a e supp   y  a e supp   y  a e supp   y 

Hence,    6    is   onto. 

It  follows  from  Theorem  2.9  that  R  and  T  are  isomorphic 
if  and  onlv  if  R   and  T   are  isomorphic  for  all  a  e  Y. 

The  following  result  will  be  used  in  applications  to 
semigroup  rings  discussed  in  Chapter  5. 

Lemma  2.10.   Let  R  be  a  strong  supplementary  semilattice 
sum  of  rings  R   (a  e  Y)  with  associated  family  of  homomorphisms 

{<{>   R:  R  ■*■   RR|a,3  e  Y,  a  >  3).   For  each  a  e  Y,  let  T   be  a 

ring  isomorphic  to  R  .   Then  T  =   £  T   is  a  strong  supplemen- 

cteY 
tary  semilattice  sum  that  is  isomorphic  to  R. 


Proof.   For  each  ct  e    Y,  let  f  :  R  ■*  T   be  an  isomorphism 
onto  T  .   Let  a, 3  e  Y  such  that  a  >  3,  and  let  x  e    T  .   Define 
the  mapping  ^s  Ta  -  Tg  by  xi^  =  Y^gfg,   where  y  =  xf"1. 
Since  f   is  an  isomorphism,  \b      0    is  well-defined.   For  each 
x,x'  6  Ta,  x^3  +  x"*af0  =  y4>a,3f3  +  Y,(J)a,3f3  = 
(y  +  Y')(i)a,3f3  =  (X  +  x'^a,3'  and  (xtjJct ,  3}  (x  '*a,  B>  = 

(Y*a,3f3)(y'c})a,3f3)  =  (yy ' )  V  3f  3  =  (xx'^a,3-   Hence'  *a,0 
is  a  homomorphism.   For  x  e    TQ ,  x^a  =  y4>afCtfa  =  yfa  =  x, 

which  implies  that  ij;     is  the  identity  map  on  T  .   Let 

LX  ■  LX  LX 
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a,3,y  e  Y  such  that  a  >  B  >  y,    and  let  x  e  T  .   Then 

XVbVy  =  (y*a,Bf6H'6,Y   =   Y*a,3*6,YfY  =  y(j)a,YfY  =  X^a,y 

Kence,  T  =   XT   is  a  strong  supplementary  semilattice  sum. 
acY 

By  Theorem  2.8,  there  exists  a  homomorphism  9:  R  ■*  T . 
By  Theorem  2.9,  6  is  an  isomorphism  onto  T. 

The  following  result  will  prove  useful  in  the  investiga- 
tion of  the  TT-radical  of  R. 

Theorem  2.11.   R  is  isomorphic  to  a  subdirect  product  of 

the  collection  {R  }   „. 

a  ct£Y 

Proof.   Let  K  denote  the  kernel  of  <b   (a  e  Y)  .    Suppose 

there  exists  0  *    x  e   n  K  .   Then  supp  x  ^  0.   Let  3  be  maxi- 

aeY 
mal  in  supp  x.   Since  x  e  KR,  then  x„  =  x<})„  =  0,  which  is  a 

contradiction.   Hence,   n  K   =  {0},  and  R  is  isomorphic  to 

aeY  a 
a  subdirect  product  of  rings  R   (a  e    Y)  by  [4,  Exercise  9.3.1]. 


CHAPTER  3 
RADICALS  OF  SUPPLEMENTARY  SEMILATTICE  SUMS 

Let  it  be  a  radical  property.   Let  R  be  a  supplementary 

semilattice  sum  of  rings  R   (a  e  Y) .   We  seek  to  describe 

the  Tr-radical  of  R  in  terms  of  the  Tr-radicals  of  the  R 

a 

(a  e  Y)  . 

Teply  et  al.  [8]  has  shown  that,  for  a  hereditary  pro- 
perty tt ,  R  is  TT-semisimple  whenever  R   is  Tr-semisimple  for  all 
a  e  Y.   The  converse  is  in  general  false;  in  fact,  for  any 
nontrivial  semilattice  Y,  there  exists  a  Jacobson  semisimple 
ring  which  is  a  supplementary  semilattice  sum  of  rings  not  all 
of  which  are  Jacobson  semisimple  [9]. 

We  show  that  if  R  is  a  strong  supplementary  semilattice 
sum  of  rings  R   (a  e  Y)  and  if  it  is  any  radical  property  (not 
necessarily  hereditary)  ,  then  R  is  Tr-semisimple  whenever  R 
is  Tr-semisimple  for  all  a    e  Y.   If  R  is  Tr-semisimple,  then  not 
all  the  R  need  be  Tr-semisimple  [8].   We  determine  conditions 
on  the  semilattice  Y  which  guarantee  that  R  is  Tr-semisimple 
for  all  a  s  Y  if  R  is  Tr-semisimple.   This  gives  an  answer  to 
Question  1  of  Weissglass  [11]  for  the  strong  case. 

In  certain  cases,  the  7r-radical  of  R  is  the  sum  of  the 

tt- radicals  of  the  R   (a  e    Y)  .   Gardner  [5]  has  shown  that  this 

a 

is  the  case  whenever  tt  is  strict  and  hereditary  and  R  is  a 

supplementary  semilattice  sum  of  rings  R   (a  e  Y)  for  a  finite 

semilattice  Y.   We  show  that  the  condition  that  Y  be  finite 

can  be  dropped. 
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In  the  case  that  the  sum  is  strong  and  all  principal 
ideals  of  Y  are  finite,  then,  for  an  arbitrary  radical  pro- 
perty tt  ,  the  iT-radical  of  R  is  the  sum  of  ideals  that  are 
isomorphic  to  the  Tr-radicals  of  the  R   (a  e  Y) . 

If  tt  is  the  property  of  being  right  quasi-regular, 
G-regular,  or  nil,  and  R  is  the  strong  supplementary  semi- 
lattice  sum  of  the  R   (a  e  Y)  ,  then  the  TT-radical  of  R  can 

a 

be  described  as  the  set  {x  e  R|x<}>  e  U  (R  )  for  all  a  e  Y}. 
In  this  case,  R  is  a  TT-ring,  if  and  only  if  R  is  a  ir-ring 
for  all  a  e  Y. 

Throughout  this  chapter  we  let  R  be  a  strong  supplementary 
semilattice  sum  of  the  rings  R   (a  e  Y) ,  unless  otherwise 
specified.   Let  {<£   R :  R   -»■  RR|a,$  e  Y,  a  >  3}  and 
{$    :  R  ■*   R  |  a  e  Y}  be  the  associated  families  of  homomorphisms . 
Since  R   =  R<J>   is  a  homomorphic  image  of  R,  it  follows  that, 
for  all  a  e  Y  and  x  e  U  (R)  ,  x<$>      e    U  (R  )  .   We  thus  obtain  the 
following  result. 


Theorem  3.1.   If  R   is   TT-semisimple  for  all  a  e  Y,  then 


R  is  TT-semisimple. 


Proof.   Let  0  *   x  e  U(R),  and  let  a  be  maximal  in  suppx. 

Then  x   =  xcj>  e    U  (R  )  .   Since  (j  (R  )  =  0,  then  x   =0,  which 

a     Ta       a  a  a 

is  a  contradiction. 

If  R  is  TT-semisimple,  then  not  all  of  the  R  need  be 
Tr-semisimple;  a  problem  may  occur  if  R   has  a  nonzero  Tr-ideal 
and  there  are  infinitely  many  6  e  Y  closely  beneath  a  in  the 
order  >  of  Y.   We  consider  two  conditions  on  Y  and  show  that 
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they  guarantee  that  R  is  it -semi  simple  if  and  only  if  R  is 
TT-semisimple  for  all  a  e  Y. 

A  semilattice  Y  is  called  an  m.u.  semilattice  if 
(i)  for  every  a  e  Y,  the  set  (3  e  Y|$  <  •  a}  is  finite; 
and 

(ii)  if  a,y  e  Y  with  y    <   a,    then  there  exists  3  e  Y  such 
that  y  ^  3  <  *  a. 

Lemma  3.2.   Let  Y  be  a  semilattice  with  zero  z.   If  A  is 

an  ideal  of  R  ,  then  A  is  an  ideal  of  R. 
z 

Proof.   Let  x  e  A,  let  a  e  Y,  and  let  y  e  R  .   Then 
x  •  y  =  x(ycf)    )  e  A  and  y  •  x  =  (y<j>    )x  e  A. 

The  following  results  will  be  used  in  the  proof  of 
Lemma  3.5. 

Proposition  3.3.   Let  P  be  a  finite  semilattice.   If 

a, 3  e  P  with  a  <  3,  then    E   u(a,y)  =    Z   u(y,3)  =  0. 

a<y^3  a<y^3 

•  • 

Proof.     E   u(a,y)  =    E   y(a,Y)  +  y(a,3)  =  -y(a,3)  + 
a<Y^3         a<Y<3 

y (a, 3)  =  0. 

Proposition  3.4.   Let  P  be  a  finite  semilattice  with 

copoint  set  C.   If  r,  denotes  the  number  of  k-sets  A  c  C 

with  g.l.b.  A  =  0,  then  y(0,l)  =   E  (-l)kr,    CI,  Prop.  4.4.3]. 

k>0      K 

Lemma  3.5.   Let  Y  be  an  m.u.  semilattice,  and  let  a  e  Y 

such  that  a  is  not  a  zero  of  Y.   Let  P  be  the  subsemilattice 

generated  by  the  set  {a}  u  (3  e  y|3  <  *  a}.   Let  y  be  the 
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Mobuis  function  on  P  x  P.   Then  the  mapping  *:  R   -*■  R  defined 
by 

x*  =   Z  \i  (3,a)xc}>  R 
BeP        a'3 


is  a  one-to-one  homomorphism  that  maps  ideals  of  R  onto 
ideals  of  R. 


Proof.   Let  x,y  e  R  .   Then  (x  +  y)*  =   Z  y(3,a)  (x+y)  4>   R 

BeP  a,P 

Z    y(3,a)  (xcb      .    +  y<h         )    =      Z    y(B,ci)xcf>      .    +      Z    u(S/<x)y<J>      R   = 
BeP  a,P  a'P  BeP  a,P  BeP  a,P 

x*  +  y*.   Hence  *  preserves  addition. 

Let  I  be  an  ideal  of  R  .   The  preceeding  paragraph  shows 
that  I*  is  closed  under  addition.   Let  x  e  I,  let  y    e  Y,  and 
let  y  e  R  .   We  will  show  that  y  •  x*  e  I*. 

If  y  >  a,  then  y  •  x*  =  y  •   Z  y(B,a)x<{)   R  = 

Z  y(3,a)y  •  x<j>  o=      Z  y(3,a)(y*   R)  (x*   R)  = 
BeP  a,P    BeP  Y,P      ,P 

^{B,a)(y^fA(B)WajBJ  =  R^(e'a)((^Y,a)x)*a,3  = 

((y*YfCt)x)*  €  i*. 

If  Y  <  a,  let  C={6eY|6<  •  a}.   For  a  nonempty  subset 
c  of  C,  let  c  denote  the  product  in  Y  of  the  elements  of  c. 
For  the  empty  subset  c  of  C,  let  c  =  a.   Let  A=  {6  e  c|y  -  <$} 
and  let  B=  {&    e  c|y  ^  <5 }  •   For  each  3  e  P,  let  rR  ,  denote 
the  number  of  k-subsets  c  of  C  such  that  c  =  3.   By  Proposi- 
tion 3.4,  y(B,a)  =   Z  (-l)krR  .  for  each  BeP.   Hence 

k>0  P'K 

x*   =      S    y(3,a)xcf>      R   =      Z         Z     (-l)krp    ,     xcj>      R.       If   c    is    a 
BeP  a,p  BeP    k>0  P'  a,li 

subset  of  C,  then  c  =  a  u  b  for  some  a  c  A  and  b  c  B.   Hence 
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k  |aub| 

x*    =      E         E    (-1)    rR   kx<J>      R    =      E    (-1)  x<b      -r.         Thus 

BeP   k>0  P,K      a,ti         acA  a,a!o 

bcB 
| aub |  | aub | 

yx*    =   y    •       E     (-1)  x<b      -r   =      E     (-1)  yx<J>      -r-      = 

acA  a'aiD        acA  a'ab 

bcB  bcB 

|  aub| 

E     (-1)  (y<f>         -r-)  (X(J)         -c)  • 

acA  7yy,yab'       ya,yaby 

bcB 

For   each   a   c   a,    a   >    y;    hence   yab  =   yb.      Thus 

yx*    =      E     (-1)  'aubl  (y<J>         -r)  (xcf)         -c)    = 
J  _  JYy,yab        ^a.yab 

acA  '  ' 


bcB 


aub 


=      2    (-D  (y*        c)  (xd>        c)  . 

bcB 

I  a  I 
Since  Y  is  an  m.u.  semilattice,  A  *   0.   Hence   E  (-1)     =  0 

acA 


aub 
(-1)  ' 

bcB 


It  follows  that  yx*  =   E  (-1)      (y*    H  (x<b   vr)  = 

acA  Y'YD  a,YD 


I    [    S    (-1)         ]<-l)  (y»        B)  (x*        B)    = 

b<=B    acA  '  '  ' 


byO](-l)  (Y*Y/Y5)(x*afy5)    =0.1*. 

If   a   and   y   are   unrelated    (i.e.,    if   neither    y   >    a      nor 

Y    <    a    holds),    then   yx*    =  y    •       E    y(B,a)x<t>      R   = 

BeP  a,P 

^y(B,a)y    •    x<j>a^    =    ^y  (g  ,a)  (y«,^  y&)  (x<J>a,yR)    = 
3Jpy(3,a)(y*Y>Ya4»YafY3)(xcOaf3c(,e>Y3)    =    ^y  (8, a)  (y<DY/Ya)  •  (x*0#  g) 

(Y*Y,ya)     '       Z    y(3'a)x*a,B   =    (yc{)Y,Ya)     *    x* '       since   ^a    <    a, 
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it  follows  from  the  preceding   paragraph  that  y  •  x*  = 

(y<J>     )  •  x*  =  0  e  I*. 

We  have  shown  that  I*  is  closed  under  left  multiplication 

by  elements  of  R   for  each  y    e    Y.   Since  I*  is  closed  under 

addition,  it  follows  from  the  distributive    property  of  R 

that  I*  is  closed  under  left  multiplication  by  elements  of  R. 

A  symmetric  argument  shows  that  I*  is  closed  under  right 

multiplication  by  elements  of  R.   Thus  I*  is  an  ideal  of  R. 

Let  x,y  e  R  .   Then  x*  •  y*  =  (  I  y(B,a)x<j)    )  •  y*  = 

3<a        a,ii 

Z    Vi(B,a)x<b   g  •  y*  =  y(a,a)x<J>a    •  y*  +   Z  y(B,a)x<J>   g  •  y*  = 
3<a         '  '         B<a 

x  •  y*  +   E  u(3,a)x<J>  o    '    Y*  •      As  shown  above,  x  •  y*  =  (xy)  * 

3<a        a'p 

and  xc|>   R  •  y*  =  0  for  all  6  <  a.   Hence,  x*  •  y*  =  (xy)*, 
which  implies  that  *  preserves  multiplication. 

Let  x  and  y  be  distinct  elements  of  R  .   Then  (x*)<J>   = 
x  *  Y  =  (y*)<l>  •   Hence  *  is  one-to-one. 

Theorem  3.6.   Let  Y  be  an  m.u.  semilattice.   Then  R  is 
TT-semisimple  if  and  only  if  R   is  TT-semisimple  for  all  a  e  Y. 

Proof.   For  all  a  e  Y,  x  e    U(R)  implies  that  xcj>  e    U(R  ) 
since  *   is  an  onto  homomorphism.   Thus,  if  R   is  TT-semisimple 
for  all  a  e  Y,  xcf>   =0  for  all  a  e  Y;  hence  x  =  0,  and  R  is 
TT-semisimple . 

If  R   contains  a  nonzero  u-ideal  I  for  some  a  e  Y,  then 

a 

by  Lemma  3.2  or  Lemma  3.5  I*  is  a  nonzero  Tr-ideal  of  R.   Thus 
if  R  is  Tr-semisimple,  then  each  R   is  also  tt- semi  simple. 
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Teply  et  al.  [8]  has  shown  that  the  condition  that  Y  be 
an  m.u.  semilattice  cannot  be  dropped  from  the  hypotheses  of 
Theorem  3.6. 

We  next  determine  the  iT-radical  for  a  particular  type 
of  m.u.  semilattice.   Let  Y  be  a  semilattice  in  which  all 
principal  ideals  are  finite.   Then  Y  is  locally  finite.   Let 
y  be  the  Mobius  function  on  Y  x  Y.   Let  a  e  Y,  and  let  P  be 
the  subsemilattice  of  Y  generated  by  the  set  {a}  u  (3  e  Y| 

3  <  •  a}.   Let  u   be  the  Mobius  function  defined  on  P   x  P  . 

a  a     a 

Let  y  e  P   such  that  Y  <  a.   If  C   denotes  the  set  of  copoints 

of  a  above  y,  let  r,  denote  the  number  of  k-sets  A  c  c  with 

g.l.b.A  =  y.      Then  ii(y,a)  =   E  (-1)  r,  =  y  (Y/00  by  Proposi- 

k>0       K     a 

tion  3.4.   Let  y    e  Y  -  P  with  y    <   a.   Then  y(y,a)  =  0   [1, 

Theorem  4.30].   It  follows  that  for  any  function  f:  Y  ->  R, 

E  y(Y,a)(y)f  =   £  \i    {y  ,<x)  (y)£. 
Y^d  Y^ot 

•  • 

YeY  Y^P 

In  the  following  Theorem,  for  a  given  a  e  Y,  the  homomor- 

phism  from  R   into  R  defined  in  Lemma  3.5  will  be  denoted  by 

*a.   Thus,  for  x  e  R  ,  x   =   £   y(3,a)xd)   „. 

3eP        V3 

a 

Theorem  3.7.   Let  Y  be  a  semilattice  in  which  all  principal 

ideals  are  finite.   Then  R=©   ERa=©   ER. 

aeY         aeY 


Proof.   Note  that  Y  is  necessarily  an  m.u.  semilattice, 
Hence  for  all  a  e  Y,  R    is  an  ideal  of  R  by  Lemma  3.2  and 

3.5.   We  note  that  R  a  n   E  RDP  =  {0}.   For,  if  x  e  R   , 

a     n    3  a 

3*a 
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then  a  is  the  unique  element  of  Y  that  is  maximal  in  supp  x, 

*S 
but  a  cannot  be  maximal  in  supp  y  for  any  ye   Z  RR  .   Hence 

*a  3*a 

Z  R   is  a  direct  sum. 

aeY 

Let  x  e  R.   Let  y  and  6  be  the  Mobius  and  Delta  functions 

on  Y  x  y  respectively.   Then  x  =   Z  xR  =   Z  6(y,B)xrcj)r 

BeY    P         y^6  P    P,T 

=      £       C       £         y  (y,a)  ]xRcJ>R         =         Z      y(Y,a)xR<j>R 
Y<6      Y^a<6  p    P,Y         Y^a<3  ,Y 

•         •  •  •         •         • 

=   Z      Z    C    Z      y(Y,a)x   *         ]    =   Z      Z    [    Z      y    (Yfa)Xg^g      <j>         ] 

a    B^a   y^cc  '  '  a    8>a   y<a  '         '  ' 


•  • 


=  Z  RZ  (xB*B,a>   '  =  ZCftZ  XB*B,a]  '  =  Z(XV  ^   Hence' 
a  B^a  a  B^a     '       a 

•    •  •    •  • 

R  =  ©   Z  R   .   By  Lemma  3.2  and  Lemma  3.5,  R    -  R   for  all 

„  a      2  a      a 

aeY 

aeY;  hence  R  =  ©   Z  R  a  ~  ©   Z  R  . 

„  a        ,,  a 
aeY         aeY 


Corollary  3.8.   Let  Y  be  a  semilattice  in  which  all 

principal  ideals  are  finite.   Then  U (R)  =  ©   Z  U(R  )     = 

aeY 

{x  e  R|x<£a  e  U(R  )  for  all  a  e  Y}. 

Proof.   R  =  ©   Z  R  a  by  Theorem  3.7.   Hence,  ©   Z  (J  (R  ) 

aeY 

is  an  ideal  of  R.   Since  U(R  )    is  isomorphic  to  the  ir-ring 

U(R  )  for  each  a  e  Y  by  Lemma  3.5,  then  ©   E  U(R  )   '  £  U(R). 

aeY 

Let   x    e    U(R)  .      Then,    since    R      =   R<$>      is    a   homomorphic    image   of 

R,    then   x<j>      e    U(R    )     for   all   aeY.       Thus,     (x<J)    )    a    e    U(R    )    a 

'        Ya       a  '    Ya         a 

for  all  aeY.   It  follows  from  the  proof  of  Theorem  3.7  that 

x   =      Z     (x<J>    )  *a    e    ©      Z    U(R    )*a.       Hence,    U(R)  ©      Z    U  (R    )     a. 

aeY  aeY  aeY 

Thus,  U(R)  =  ©   E  U(Rf)*a  =  {x  e  R  |  x<f)   e  U(R  )  for  all  a  e  Y}  . 

aeY 
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Corollary  3.9.   Let  Y  be  a  semilattice  in  which  all 
principal  ideals  are  finite.   Then  R  is  a  ir-ring  if  and  only 
if  R   is  a  7T-ring  for  all  a  e  Y. 

Now,  let  if  be  a  strict,  hereditary  radical  property, 
and  let  R  be  a  supplementary  semilattice  sum  of  rings  R 
(a  e  Y)  which  is  not  necessarily  strong.   Gardner  [5]  has 

shown  that   Z  U(R  )  is  a  u-ideal  of  R  and  that  R/ (  E  U(R  ))  - 

aeY         a  aeY         a 

Z    R  /U(R   ),    where   the    latter   sum  is   a   supplementary   semilattice 
aeY 

sum.      Hence,       Z    ^(Rn,)    -    ^(R),    and   R/    E    (J(R   )     is    TT-semisimple 

aeY 

since  it  is  isomorphic  to  a  supplementary  semilattice  sum  of 
TT-semisimple  rings  (R  /U(R  )  (aeY)  and  is  therefore  Tr-semi- 
simple  [8].    We  have  proved  the  following  result: 

Theorem  3.10.   Let  tt  be  a  strict,  hereditary  radical 

property  and  let  R  be  a  supplementary  semilattice  sum  of  rings 

R   (aeY).    Then  U(R)  =   Z  U  (R  )  . 
a  „   a 

aeY 

This  answers  in  the  affirmative  the  question  of  whether 

or  not  hereditary  strict  radicals  commute  with  formation  of 

supplementary  semilattice  sums  posed  by  Gardner  [51. 

For  a  general  radical  property  tt  ,   Z  U(R  )  need  not  even 

aeY 
be  an  ideal  of  R.   We  will  now  determine  the  TT-radical  of  R 

for  various  radical  properties  tt  in  the  case  where  R  is  a 

strong  supplementary  semilattice  sum  of  rings  R   (aeY). 

We  have  seen  that  the  condition  on  an  element  x  of  R 

that  x<j>   e  U(R  )  for  all  a  e  Y  is  necessary  for  x  e  U(R).   For 

an  arbitrary  radical  property  tt  ,  it  is  not  sufficient.   However, 
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if  it  is  the  property  of  right-quasi-regularity,  G-regularity , 
or  nil,  we  shall  show  that  this  condition  is  both  necessary 
and  sufficient. 

Let  x  denote  the  image  in  the  direct  product  T  =   n  R 

YUC 

of  x  £  R  under  the  embedding  of  R  into  T  as  a  subdirect  pro- 
duct R   (see  Theorem  2.11). 


Theorem  3.11.   J(R)  =  {x  e  R|x0  e    J(R  )  for  all  a  e  Y}. 

Proof.   Let  x  e  R  such  that  x$   e  J (R  )  for  all  a  e  Y. 

a       a 

We  will  show  that  x  e    J(R).   Since  xe   nJ(R)=J(nR)= 

aeY    a       aeY 
J(T)  [4,  Theorem  2.17],  then  T  =  (xy  -  y|  y  e  T}  [3,  p.  91]. 

Let  z  e  R.   Then  there  exists  y  e  T  such  that  z  =  xy  -  y. 

Hence,  for  all  a  e  Y,  zcf>   =  (xcl>  )y   -  y  .   We  will  show  that 

a       a  Ja    Ja 

y  e  R. 

Let  P  be  the  subsemilattice  of  Y  generated  by  suppx  u  supp z . 

Then  P  is  finite.  Let  y  be  the  iMobius  function  on  P  *  P .   For 

each  a  e  P,  let  r  =   Z  y(a,B)yR<j>R   ,  where  the  sum  is  over 

3  e  P.   Then  r  =   Z  r   e  R. 

aeP 

For  each  aeY,  r*   =   Z  rR<J)R    =   E  C  E  y(B,Y)yv4>   R]<i>R  „  = 

a    6>a  p  p,a    B^a  Y^B       Y  Y,P   P' 

•  •       • 

E  [  Z  y(B,Y)yY(J>Y  34)B  a]=   E    E  y(B,Y)yy4>Y  a  =    E   y(B,Y)yy*Y  a 
B>a  y^3       Y  Y,P  P'     B>a  Y^6         Y'     a<B<Y       Y  Y' 

•       •  •       •  •    • 

=   Z  [       y(B,Y)]y  4>     =  y(a,a)y  4     =  y  .   Hence,  r  and  y 
a<Y   a<B^Y  '  ' 

agree  componentwise,  and  thus  y  =  r  e  R. 

Since  z  was  an  arbitrarily  chosen  element  of  R,  it  follows 

that  R  =  {xy  -  y|  y  e  R}  .   Thus  x  e  J(R) ,  and  hence  x  e  J (R) . 
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Corollary  3.12.   R  is  a  quasi-regular  ring  if  and  only  if 
R   is  a  quasi-regular  ring  for  all  a  e  Y. 

Theorem  3.13.   G(R)  =  {x  e  R|xcj>   e  G(R  )  for  all  a  e  Y}  . 

Proof.   Let  x  e  R  such  that  x<j)   e  G(R  )  for  all  a  e  Y. 

a       a 

We  will  show  that  x  e  G(R).   Since  x  e   nG(R)=G(nR)= 

aeY  aeY 

n     _ 

G(T)  (see  Section  5  of  Chapter  1),  then  T  =  {xy  -  y  +   E  (y.xz. 

i+1  1  1 

y.z.)|n  e  N;  y,y.,z.  e  T}  by  [3,  p.  116].   Let  r  e  R.   Then 

there  exists  n  e  N  and  y,y-,z.  e  T  for  i  =  l,2,...,n  such  that 

n 
r  =  xy  -  y  +   E  (y.xz.  -  y . z . ) .   As  in  the  proof  of  Theorem 
i=l 

3.11,  there  exist  w,w.,t.  e  R  for  i  =  l,2,...,n  such  that 
w  =  y,  w.  =  y.  and  t.  =  z.  for  i  =  1,2,.. .,n.   Hence,  y,y-, 
z.  e  R,  which  implies  that  x  e  G(R) .   Thus  x  e  G(R) . 

Corollary  3.14.   R  is  G-regular  if  and  only  if  R   is 
G-regular  for  all  aeY. 

Theorem  3.15.   W(R)  =  {x  e  R  |  x<t>      e  W  (R  )  for  all  a  e  Y}  . 

Proof.   Let  x  e  R  such  that  xd>   e  W(R  )  for  all  aeY. 

ra       a 

Let  z  e  R,  and  let  P  be  the  subsemilattice  of  Y  generated  by 
supp  x  u  supp  z.   Then  P  is  finite.   Since  x<j>   e  W(R  )  for 
each  a  e  P,  then  each  xcj>   (a  e  P)  generates  a  nil  right  ideal 

of  R   [3,  p.  18].   Hence  there  exist  integers  n   for  each 

na 
a  e  P  such  that  (  (x4>  )  (z<j>  ))    =  0.   Let  n  =  max  n  .   For 

ra    Ta  „   a 

aeP 

aeY,  let  e  denote  the  meet  of  the  set  (6  e  P[6  s  a}.   Then 
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[  (x<j>    )  (zcj,    )  ]n  =   [(    Z   x   o,        )<    E    z    4,        )]n  = 

a  a  R>a    p    p,a      gSa    p    p,a 

[  (    E    x„d>0       d>         )  (    E    z0d)0       d>         )  ]      = 
3>e    B    B'e    £'a      6>£    BvB,e*e,a' 

C  ((    E    xR*R      )  (    E    z    <|>R      ))d>         ]n   = 

[((xOe)(z^))^a]n  =    [(x*£)(z*£)]n^fa   =   (H£/a   =   0. 

Since  a  was  an  arbitrarily  chosen  element  of  Y,  the  ath  com- 
ponent (x<J>  )  (zd;  )  of  xz  raised  to  the  power  n  is  zero  for  all 
a  e  Y.   Hence,  (xy)   =  0.   Since  z  was  an  arbitrarily  chosen 
element  of  R,  x  generates  a  nil  right  ideal  of  R.   Kence, 
x  e  W(R) ,  which  implies  that  x  e  W (R) . 


Corollary  3.16.   R  is  a  nil  ring  if  and  only  if  R   is  a 
nil  ring  for  all  a  e  Y. 

In  certain  cases,  for  the  properties  right  quasi-regular, 

G-regular  and  nil,  U(R)  =   E  U(R).   We  first  prove  the 

aeY 

following  preliminary  result. 

Lemma  3.17.   Let  R  be  a  strong  supplementary  semilattice 
sum  of  rings  R   (aeY)  with  associated  family  of  homomorphisms 
{dp   R:  R  ->■  RR|a,6  e  Y,  a  >  6).   If  d)   R  is  onto  for  all 

a, 3  e  Y  with  a  >  3,  then  U(R)  £      E  U(R  ). 

aeY 

Proof.       Let   x    e    U(R).       Since    Rr    =    R<j>Q    for    all    3    e    Y,    then 

p  p 

x<t> D    e    U(RD)  .       Let    a   be   maximal    in    supp    x.       Then   x      =    xdp       e    U(R  ) 

3      3  a     a      a 

Let  3  e  supp  x  such  that  3  is  not  maximal  in  supp  x.   Assume 
that,  for  all  y    e  supp  x  such  that  y  >  3,  we  have  x   e  U (R  ) . 
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Then  x0    =   x0  +    E   x   <j)      Q   -      E   x   d>      D   =  xd>0-Ex<b      0.      Since 

3  3      y>6   ytY,3        Y>B   y*Y,3  *3      y>B  y*Y,3 

•  •  • 

<j>   Q  is  onto,  x  (j>   0  e  U(R„)  for  all  y  >  3.   Hence, 

Y/3  Y  Y/3       3 

xD  =  xd>0  -   Ex*  0    e    U(R„).   The  result  follows  by  induction. 

3    Y3   y>6  y  Y/3      3  J 


Theorem  3.18.   If  U  =  J,  G,  or  N,  and  if  <b   0  is  onto  for 

a,  p 

all  a,  6  e  Y  with  a  >  3,  then  U(R)  =   E  U  (R  )  . 

aeY 


Proof.   U(R)  c   2  U(R  )  by  Lemma  3.17.   Let  x  e  U (R  ) 

aeY 

and  let  y  e  T0  for  some  a,  3  e  Y.   Since  d>    „  is  onto, 

J     3  a,a3 

x*a,a3  e  U(RaB}  and  hence  x  °  *  =    (x<f)a,  a3>  ^VaS*  e    U(Ra3} 

and  y  .  x  =  (yd,     )  (x0a    )  e  U  (R   )  .   Thus   E  U  (R  )  is  an 

aeY 

ideal  of  R.   Since   E  U (R  )  is  also  a  strong  supplementary 

aeY    a 

semilattice  sum  of  TT-rings,  then  by  Corollaries  3.12,  3.14 

and  3.16,   E  U  (R  )  is  a  TT-ideal.   Hence,   E  U  (R  )  c  U(R). 

aeY    a  aeY    a 


CHAPTER  4 
RADICALS  OF  INFINITE  MATRIX  RINGS 

Let  R  be  any  ring.   It  is  well  known  that  for  many 
radical  properties  U (M  (R) )  =  M  (U(R)).   In  this  chapter  we 
obtain  a  similar  result  for  infinite  column  (row)  bounded 
matrices  over  R.   We  then  determine  the  iT-radical  of  the  ring 
of  all  bounded  I  x  A  matrices  over  R  with  sandwich  multipli- 
cation, where  I  and  A  are  possibly  infinite  sets  and  tt  sat- 
isfies certain  conditions. 

Throughout  this  chapter  we  assume  the  following  conditions 
on  the  property  tt. 

(i)   TT-semisimple  rings  contain  no  nonzero  one-sided 
TT-ideals. 

(ii)   Left  ideals  of  TT-rings  are  Tr-rings. 
(iii)   The  TT-radical  of  R  contains  all  ideals  A  such  that 
AR  =  0  or  RA  =  0. 

(iv)   If  A  is  an  ideal  of  a  ring  R  such  that  R/A  and  A 
are  TT-rings,  then  R  is  a  iT-ring;  that  is,  tt  is  closed  under 
extensions . 

The  five  radical  properties  listed  in  chapter  1  satisfy 
these  conditions. 

For  any  property  tt  satisfying  the  above  conditions,  the 
following  results  hold. 
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Result  4.1.  [10]  If  R  is  a  left  ideal  of  a  ring  T  and 
if  A  is  a  TT-ideal  of  R,  then  RA  £  U(T). 

Result  4.2.  [10]   If  R  is  a  left  ideal  of  a  ring  T  and 
A  is  a  7T-ideal  of  T,  then  A  n  R  c  U  (R)  . 

Result  4.3.   (a)  Condition  (i)  is  equivalent  to  the 
condition  that  U(R)  contains  all  one-sided  ir-ideals. 

(b)   In  the  presence  of  conditions  (ii)  and  (iv) ,  con- 
dition (iii)  is  equivalent  to  the  condition  that  U (R)  contains 
all  nilpotent  ideals. 

Proof.   (a)   Let  I  be  a  one-sided  ir-ideal  of  R.   Then 
the  image  of  I  under  the  canonical  homomorphism  from  R  onto 
R/U(R)  is  a  one-sided  iT-ideal  of  R/U(R).   Since  R/U(R)  is 
7T- semi  simple,  then  I  £  U(R)  by  condition  (i)  .   Hence,  con- 
dition (i)  implies  that  U(R)  contains  all  one-sided  ir-ideals. 
The  converse  is  clearly  true. 

(b)   Let  it  satisfy  conditions  (ii)  ,  (iii)  and  (iv)  .   Let 

2 

A  be  an  ideal  of  R  such  that  A   =0.   Then  A  £  U(A)  by  con- 
dition (iii).   Hence,  A  is  a  Tr-ring  by  condition  (ii)  .   It 
follows  that  A  £  U (R) .   Assuming  that  U (R)  contains  all  nil- 
potent  ideals  of  index  less  than  n  (n  >  2)  ,  let  A  be  a  nil- 

2 
potent  ideal  of  R  of  index  n.   Then,  by  assumption,  A   £  U (R) . 

2  2  2 

Since  (A/A  )   =0,  A/A   is  a  Tr-ring  by  conditions  (iii)  and 

(ii)  .   By  condition  (iv)  ,  A  is  a  Tr-ring.   Hence,  A  £  U  (R)  . 

By  induction  on  n,  U (R)  contains  all  nilpotent  ideals. 

Let  tt  satisfy  conditions  (ii)  and  (iv)  ,  and  suppose  that 

U  (R)  contains  all  nilpotent  ideals.   Let  A  be  an  ideal  of  R 


2 

such  that  AR  =  0  (or  RA  =  0) .   Then  A   £  AR  =  0  (or 

A  £  RA  =  0) .   Hence,  A  £  U (R) . 

Patterson  [6]  has  shown  that  J (M* (R; I , I) )  =  M* ( J (R) ; I , I) ) . 
We  generalize  this  theorem  for  radical  properties  satisfying 
conditions  (i)  -  (iv)  in  the  following  result. 

Theorem  4.4.   U  (M*  (R;  I,  I)  )  =  M* (U (R) ; I, I) . 

Proof.   For  each  i  e  I,  let  R.  =  {A  e  M*  (U  (R)  ;  I ,  I)  |  a    =0 

if  r  *  i}.   Then  R.  is  a  right  ideal  of  M*(R;I,I).   Let 

1  Y 

N.  =  {A  e  R. la. .  =  0}.   Then  N.  is  an  ideal  of  R.  such  that 
l         l  '  n  l  l 

N.R.  =  {0}.   By  condition  (ii)  ,  N.  is  a  iT-ring.   Since 

R./N-  =  U(R),  then  R.  is  a  Tr-ring  by  condition  (iii)  .   Hence 

R.  is  a  right  ir-ideal  of  M*(R;I,I).   By  Result  4.3, 

R.  £  U(M* (R;I,I) ) .   Since  U (M* (R; I , I) )  is  a  right  ideal  of 

M*(R;I,I)  which  contains  the  right  ideals  R.  (iel),  then 

I  R.  £  U(M* (R;I,I) ) .   Hence,  M* (U (R) ; I , I )  =   Z  R.£  U(M*(R;I,D) 
iel  X       Y  T  iel  1      Y 

The  reverse  containment  was  proved  by  Weissglass  in  [11]. 
We  now  determine  the  radical  of  M*  (R;I,A;P). 

Theorem  4.5.   U (M*  (R;I,A;P))  =  {A  e  M*  (R;I,A;P)| 
PAP  e  M* (U(R) ; A, I) }. 

Proof.   Let  T  =  M*(R;I,I),  and  let  S  =  M*  (R;I,A;P). 

Define  the  mapping  $ :  S  ■*  T  by  A4>  =  AP.   For  A,B  e    S, 
(A  +  B)<j)  =  (A  +  B)P  =  AP  +  BP  =  A*  +  Bcj),  and  (A  °  B)(J)  = 
(APB)P  =  (AP)  (BP)  =  (Acf))  (B<j)).   Thus  0  is  a  ring  homomorphis 

For   A    e    S    and    B    e    T,    B(A<H     =    B(AP)     =     (BA)P    =     (BA)({)    e    S<|>. 

Hence  S<|)  is  a  left  ideal  of  T. 


m. 
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Let  K  denote  the  kernel  of  <j> .   For  A  e  K  and  B  e  S, 
A  °  B  =  APB  =  OB  =  0.   Hence  K  °  S  =  0.   By  condition  (ii) , 
K  c  U(S).   Since  f  is  a  homomorphism,  U(S)4>  c  U(S<J>).   Con- 
versely, let  H  be  the  ideal  of  S  such  that  U(S<j>)  =  H/K.   Then 
U(S<|>)/U(S)<j>  «  (H/K)/(U(S)/K)  a  H/U(S)  c  S/U(S),  which  is 
it- semi  simple.   Hence   U  (S<j>)/U  (S)  <j>  is  both  Tr-radical  and 
TT-semisimple.   Therefore  U(Scj))  =  U(S)cj). 

Let  A  e  U(S).   Then  A*  e  U(S)<J)  =  U(S<j>).   For  B  e  S, 
BPAP  =  (B«j>)  (A<|>)  e  (S4>)  (li  (S<J>)  )  £  U  (T)  by  Result  4.1.   By 
Theorem  4.4,  BPAP  e  M* (U (R) ; I, I) . 

For  r  e  R,  let  rE. ,  denote  the  I  *  A  matrix  whose  (i,X) 
entry  is  r  and  whose  remaining  entries  are  zero.   Then 
(rE.,)PAP  e  M* (U (R) ; I, I) .   The  nonzero  entries  of  this  matrix 
occur  in  the  ith  row.   If  b, .  is  the  (X,j)  entry  of  PAP,  then 
rb,  .  is  the  (i,j)  entry  of  (rE.,)PAP.   Thus  Rb,  .  c  (J  (R)  for 

A  j  1 A  A  J 

all  X,j.   Let  J,  .  be  the  left  ideal  of  R  generated  by  b, . . 

A  ,  3  AJ 

Then  RJ,  .  +  RJ,  .R  c  (J(R)  .   Hence  the  image  of  J,  .  +  J,  .R 
under  the  canonical  homomorphism  from  R  onto  R/U(R)  lies  in 
U(R/U(R))  by  condition  (ii)  .   Since  R/U(R)  is  Tr-semisimple, 

J,  .  +  J,  .R  c  U (R)  .   Thus  b,  .  e  U (R)  for  all  X, j .   Therefore, 

A]     A3  A] 

PAP  e  M* (U(R) ;A,I)  . 

Conversely,  suppose  that  PAP  e  M* (U (R) ; A, I) .   Then,  for 
all  B  e  S,  BPAP  e    M*(U(R);I,I)  =  U (M* (R; I , I) )  by  Theorem  4.4. 
Thus  (B  °  A)  (J)  =  (BPA)P  e  S<J>  n  U  (M*  (R;  I ,  I)  )  c  U(S<|>)  by 
Result  4.2.   Since  (J(S<|>)  =  (J(S)<J>  and  U(S)  2  K,  then 
B  °  A  e    U(S) .   Let  J  be  the  left  ideal  generated  by  A.   Since 
S°J+S°JoScU(S),  the  image  of  J  +  J  °  S  under  the 
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canonical  homomorphism  from  S  onto  S/U(S)  is  contained  in 
U(S/U(S))  by  condition  (ii)  .   Since  S/U(S)  is  TT-semisimple, 
then  J  +  J  °  S  c  U(S),  and  thus  A  e  U(S). 

Corollary  4.6.   M*  (R;I,A;P)  is  Tr-semisimple  if  and  only 

if  R  is  it- semi  simple  and  PAP  =  0  implies  A  =  0  for  all  A  e  M*  , 

v  PY 

Proof.   If  A  e  U(M*  (R;I,A;P)),  then  PAP  e  M*(U(R);A,I) 

PY  Y 

by  Theorem  4.5.   If  R  is  TT-semisimple,  then  PAP  =  0.   Hence 
A  =  0  by  hypothesis. 

Conversely,  suppose  that  S  =  M*  (R;I,A;P)  is  TT-semisimple, 
If  PAP  =  0  for  some  A  e  S,  then,  for  all  B,CeS,  B°A°C= 
BPAPC  =  BOC  =  0.   Let  J  be  the  ideal  of  S  generated  by  A. 
Then  So  (J  o  s)  =  0,  which  implies  that  J  °  S  c  U(S)  =  0 
by  condition  (ii) .   Again  by  condition  (ii) ,  J  £  U(S)  =  0. 
Thus  A  =  0 . 

Let  r  e  U(R).   Then  P(rEiX)P  e    M* (U (R) ; A, I) .   Hence,  for 
all  B,C  e  S,  B  o  rE.^  °  C  =  BP(rE-x)PC  e  M*  (U  (R)  ; I , A; P)  = 
U(S)  =0.   By  the  argument  in  the  previous  paragraph, 
rE.,  =  0,  and  hence  r  =  0.   Thus  R  is  Tr-semisimple . 

The  following  definition  is  due  to  Weissglass  [11]: 

Let  P  be  a  A  x  i  matrix  over  a  ring  T,  and  let 

R  =  M*  (T;I,A;P).   P  is  cancellable  with  respect  to  R  if,  for 
Y 

A  e  R,  A  *    0  implies  AP  *  0  and  PA  *  0 . 

Weissglass [ 11 ,  Theorem  3.7]  has  proved  the  following 
result:   Let  R  =  M*  (T;  I ,  A;  P)  .   Then  R  is  Tr-semisimple  if  and 
only  if  T  is  Tr-semisimple  and  P  is  cancellable  with  respect 
to  R. 
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Thus,  in  the  case  where  T  is  tt- semi  simple,  the  condition 
on  A  £  R  that  A  *    0  implies  PAP  *  0  is  equivalent  to  the 
condition  that  P  is  cancellable. 

Corollary  4.6  generalizes  a  result  due  to  Munn  [2, 
Theorem  5.19]  who  considers  the  case  where  I  and  A  are  finite 
and  T  is  an  algebra  over  a  field. 


CHAPTER  5 
RADICALS  OF  SEMIGROUP  RINGS 

In  this  chapter  we  apply  some  of  the  results  of  the 
preceding   chapters  to  semigroup  rings.   We  assume  unless 
otherwise  specified  that  n  is  a  radical  property  satisfying 
conditions  (i)  through  (iv)  of  Chapter  4. 

The  class  of  completely  regular  semigroups  coincides 
with  the  class  of  semigroups  which  are  unions  of  groups. 
The  main  purpose  of  this  chapter  is  to  study  the  TT-radical 
of  a  semigroup  ring  over  a  completely  regular  semigroup.   If 
S  is  a  completely  regular  semigroup  and  R  is  a  ring,  then 
R[S]  is  a  supplementary  semilattice  sum  of  semigroup  rings 
over  completely  simple  semigroups.   Any  semigroup  ring  over 
a  completely  simple  semigroup  is  isomorphic  to  a  matrix 
ring  of  all  bounded  I  x  A  matrices  with  sandwich  multiplica- 
tion over  a  group  ring.   Hence,  the  results  of  the  preceding 
chapters  may  be  applied  to  reduce  the  problem  to  the  group 
ring  case.   We  obtain  analogous  results  for  supplementary 
semilattice  sums  of  semigroup  rings  over  completely  0-simple 
semigroups. 

Let  S  be  a  completely  simple  semigroup.   By  the  Rees 
Theorem  [2,  Theorem  3.5  J,  S  is  isomorphic  to  (and  hence  we  may 
assume  it  to  be)  a  Rees  I  x  A  matrix  semigroup   M(G;I,A;P) 
over  a  group  G,  with  A  x  I  sandwich  matrix  P.   Let  R  be  a  ring. 
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Then  the  semigroup  ring  R[S]  is  isomorphic  to  (and  hence  we 
may  assume  it  to  be)  the  ring  of  all  bounded  I  x  A  matrices 
M*  (R[G] ; I , A;P)  over  the  group  ring  R[G],  with  sandwich 
matrix  P  [10] . 

Theorem  5.1.   Let  S  =  M(G; I, A;P) .   Then  U(R[S])  =  {A  e  R[S]| 
PAP  e  M*  (U  (R[G])  ;  A, I)  }  .   Furthermore,  R[S]  is  ir-semisimple  if 
and  only  if  R[G]  is  tt- semis  imp  le  and,  for  A  e  R[S],  PAP  =  0 
implies  A  =  0. 

Proof.   The  result  follows  from  Theorem  4.5  and 
Corollary  4 .6 . 

In  the  case  that  the  entries  of  P  =  (p, . )  are  the 

A  1 

identity  e  of  G,  then  for  A  =  (a.,)  e  R[S],  the  (A,i)-entry 

of  PAP,  is  I        E  p, .a.  p  .  =   I    Z  ea .  e  =   E    E  a.  .   We 

yeA  jel  ^  ™   V1        yeA  jel   ^     yeA  jeI  ™ 

thus  obtain  the  following  result. 

Corollary  5.2.   Let  S  =  M (G; I , A; P) ,  where  P  =  (p, . )  and 

AX 

p, .  is  the  identity  of  G  for  all  X    e    A   and  i  e  I.   Then 

U(R[S])  =  {A  =  (a.,)  e  RCS]|   E  a.,  e  U(R[G])}. 

1 A  ■   _  1 A 

lei 

XeA 
In  particular,  if  S  is  a  rectangular  band,  then  G  is 

trivial;  it  follows  from  Corollary  5.2  that  U(R[S])  = 

n  n 

{  E  r.s.  e    R[S]|  E  r.  e    U(R)}.   This  generalizes  several 
i=l  1  1        i=l  x 

results  of  Quesada  [7]  who  determined  the  Lower  Baer  radical 
of  R[S]  in  the  following  cases:   (1)  S  is  a  left  zero  semi- 
group and  R  is  commutative  with  identity,  and  (2)  S  is  a  left 
group  and  R  is  a  ring  with  identity. 
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Theorem  5.1  permits  the  application  of  any  of  the  results 
for  group  rings  to  obtain  corresponding  results  for  semigroup 
rings.   For  example,  we  obtain  the  following  corollary. 

Corollary  5.3.   Let  S  =  M(G;I,A;P),  where  G  is  a  finite 
group.   Let  R  be  a  field.   Then  R[S]  is  Jacobson  semisimple 
if  and  only  if  the  characteristic  of  R  does  not  divide  the 
order  of  G  and  PAP  =  0  implies  A  =  0,  for  A  e  R[S]. 

Proof.   By  Maschke's  Theorem  L4],  R[G]  is  Jacobson 
semisimple  if  and  only  if  the  characteristic  of  R  does  not 
divide  the  order  of  G.   The  result  follows  from  Theorem  5.1. 

Now,  let  S  be  a  completely  regular  semigroup.   Then  S  is 

a  semilattice  Y  of  completely  simple  semigroups  S   (a  e    Y) . 

For  each  a  e  Y,  S   =  M(G  ; I  , A  ; P  )  without  loss  of  generality. 
'   a      a  a  a  a  ^        2 

Let  R  be  a  ring.   Then  R[S  ]  =  M*  (R[G  ] ; I  ,A  ; P  )  for  each 

3  a      py     a    a   a   a 

a  e  Y  without  loss  of  generality,  and  R[S]  is  the  supplementary 
semilattice  sum  of  the  rings  R[S  ]  (a  £  Y) .   If  S  is  a  strong 
semilattice  Y  of  semigroups  S   (a  e  Y) ,  then  R[S]  is  a  strong 
supplementary  sum  of  the  R[S  ]  (a  e  Y) .   The  results  of 
Chapter  3  can  thus  be  applied  to  R[S].   In  particular,  we 
obtain  the  following  results. 

Theorem  5.4.   Let  it  be  a  strict,  hereditary  radical 

property.   Then  U(R[Sj)  =   E  {A   e  R[S  ] I  PAP  e M* (U (R[G„ ] ) ; 

aeY  ' 

A  ;  I  )  }  . 

a   a 

Proof.   The  result  follows  from  Theorem  3.10  and 
Theorem  5.1. 
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We  assume  for  Theorems  5.5  through  5.7  that  R[S]  is  a 
strong  supplementary  semilattice  sum  of  the  R[S  ]  (a  e  Y) . 

Theorem  5.5.   Let  Y  be  an  m.u.  semilattice.   Then  R[S] 

is  TT-semisimple  if  and  only  if  R[G  ]  is  TT-semisimple  and, 

for  A   e  R[S  ],  P  A  P   =0  implies  A   =  0  for  all  aeY. 
a      a     a  a  a  a 

Proof.   The  result  follows  from  Theorem  3.6  and  Theorem 
5.1. 


Theorem  5.6.   Let  Y  be  a  semilattice  in  which  all 


* 


a 


principal  ideals  are  finite.   Then  R[S]  =  9      ERCS]     and 

aeY    a 

U(RCSJ)  =  ©   £  {A*a|A   e  RES  ]  and  PAP  e  M*  (U(R[G  ]);A  ,1  )}. 
..   a  '  a      a       aaa    PY      a    a   a 
aeY 

Proof.   The  result  follows  from  Theorem  3.7,  Corollary 
3.8,  and  Theorem  5.1. 

Theorem  5.7.   If  U  =  J,  G  or  M   then  U(R[S])  =  {x  e  R[S]| 

P  (x<j)  )P  e    M*  (U(R[G  ]);A  ,1  )  for  all  a  e  Y}. 

a   Ta   a     PY       a     a'  a 

Proof.   The  result  follows  from  Theorems  3.11,  3.13, 
3.15,  and  5.1. 

Consider  the  special  case  in  which  S  is  a  semilattice  Y 

of  groups  G   (aeY).   Then  S  is  a  strong  semilattice  Y  of 

groups  G   (aeY)  [2,  Theorem  4.11J,  and  hence  R[S]  is  a  strong 

semilattice  sum  of  group  rings  R[G  J  (aeY).   For  each 

a  e  Y,  G   =  M(G  ; I  ,A  ;P  ) t    where  I I  I  =  |A  I  =  1  and  P   is 
a      a   a   a   a         'a'    'a'  a 

the  trivial  matrix  with  entry  e  ,  the  identity  in  G  .   We 
therefore  drop  the  representation  of  the  R[G  J  (aeY)  by 
matrix  rings  in  the  following  results  which  follow  directly 
from  Theorems  5.5  to  5.7. 
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1.  Let  Y  be  an  m.u.  semilattice.   Then  R[S]  is  7T-semi- 
simple  if  and  only  if  R[G  ]  is  7T-semisimple  for  all  a  e  Y. 

2.  Let  Y  be  a  semilattice  in  which  all  principal  ideals 

are  finite.   Then  R[S]  =  ©   E  R[G  ]*a   and  U(R[S])  = 

aeY 

©   E  U(R[G  ])*a. 
aeY      a 

3.  If  U  =  J,  G  or  N,  then  U(R[S])  =  {x  e  RCS]  |x<j>  e 
U(R[G  ])  for  all  aeY}. 

Let  S-,  and  S~  be  semigroups,  and  let  <j> :  S-,  +  S.  be  a 
homomorphism.  Let  R  be  a  ring.  Then  <f>  determines  a  ring 
homomorphism  from  RES-,]  into  RCS-]  defined  by 

n         n 

E  r .  s  .     E  r  .  (s  .  <J))  , 
.,11     ,  l   ir 
i=l       i=l 

where  r.  e  R  and  s.  e  S,  for  i  =  l,...,n.   We  also  denote  this 
ring  homomorphism  by  <}>  for  convenience. 

If  S  is  the  trivial  semigroup,  then  R[S]  is  clearly 
isomorphic  (and  hence  we  may  assume  equal  to)  R.   For  any 
semigroup  ring  R[S],  the  mapping  p:  RCS]  ■*■  R   defined  by 

n         n 

E  r  .  s  .     E  r  . 
,11      ,i 
i=l        i=l 

is  the  ring  homomorphism  determined  by  the  mapping  from  S  onto 

the  trivial  semigroup.   We  call  p  the  augmentation  homomorphism 

of  R[SJ.   The  kernel  of  p,  called  the  augmentation  ideal  of 

RCS]  and  denoted  by  oj(R[S]),  consists  of  all  elements   E  r.s. 

n  i=l  1 

of  RCS ]  such  that   E  r.  =0. 

i=l  x 


47 


We  next  prove  two  results  which  will  be  used  in  the 
determination  of  the  ir-radical  of  any  semigroup  ring  over  a 
completely  0-simple  semigroup. 

Lemma  5.8.   If  S  is  a  semigroup  with  zero  z,  then 
RES]  =  R[z]  0  u (RES]) . 

Proof.   Let  s  <=  S  and  r,,r9  e  R.   Then  (r,s)  (r_z)  = 

r,r_sz  =  r,r~z  and  (r~z)  (r,s)  =  r-r,  zs  =  r„r, z.   Hence  R[z] 

is  an  ideal  of  RES].   Clearly,  REz]  n  oj(RES])  =  {0}.   Let 

x=   Z  r  s  e  RES].   Then  x=  (Zr)z+[  Zrs-  (Zr)z]e 
,-,  s  _  s  s         s 

seS  seS        s#z       s*z 

R[z]  +  w(RES]).   Hence,  R[S]  =  REz]  +  to(RES]). 

Lemma  5.9.   Let  S  be  a  completely  0-simple  semigroup 
represented  as  a  Rees  matrix  semigroup  S  =  M(G  ;I,A;P).   Then 
RES]  =  R  ©  M*  (REG];I,A;P). 

Proof.   By  Lemma  5.8,  RES]  =  REz]  ©  to  (RES]),  where  z  is 
the  zero  of  S.   Clearly,  REz]  is  isomorphic  to  R.   Hence, 
w (RES])  -   RES]/REz]  =  M*  (REG];I,A;P)  -  see  Ell,  Lemma  3.1]. 

We  may  assume  that  RES]  =  R  ©  M*  (REG] ; I, A; P) . 

Theorem  5.10.   Let  S  be  a  completely  0-simple  semigroup 
represented  as  a  Rees  matrix  semigroup  S  =  M(G  ;I,A;P).   Then 
U(RES])  =  U(R)  ©  {A  e  M*  (RE G] ; I , A;  P)  | PAP  e  M* (U (RE G] ) ; A , I)  } . 

Proof.   The  result  follows  from  Theorem  5.1  and  Lemma 
5.9. 
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Corollary  5.11.   Let  S  be  a  completely  0-simple  semigroup 
represented  as  a  Rees  matrix  semigroup  S  =  M(G  ;I,A;P).   Then 
R[S]  is  TT-semisimple  if  and  only  if  R  and  R[G]  are  ir-semisimple 
and  for  A  e  M*  (R[G] ; I, A; P) ,  PAP  =  0  implies  A  =  0. 

Proof.   The  result  follows  from  Theorem  5.10  and 
Corollary  4 .6 . 

Results  analogous  to  Theorems  5.4  through  5.7  can  be 
obtained  for  a  supplementary  semilattice  sum  of  semigroup 
rings  over  completely  0-simple  semigroups. 

Let  Y  be  any  semilattice,  and  let  R  be  a  ring.   Clearly, 
the  semigroup  ring  R[Yj  is  isomorphic  to  (and  hence  we  may  assume 
equal  to)  the  strong  supplementary  semilattice  sum  of  copies 
of  R  indexed  over  Y  with  associated  family  {1   R:  R  ■*  R|a,3  e 
Y,  a  >  3).   The  following  result  follows  from  Theorem  3.19. 

Lemma  5.12.   U(R[Y])  =  U(R)[Y]  for  any  radical  property. 

Let  S  be  a  semilattice  Y  of  semigroups  S   (a  e  Y) .   Then 

a 

the  canonical  semigroup  homomorphism  from  S  onto  Y  defines  a 
ring  homomorphism  n  from  R[S]  onto  R[YJ  by 


Z    (    Z      r   s)    ■+      E    (    E      r    )a. 

aeY    SeS       S  ct£Y    seS      S 

a  a 


The   kernel   of    n    is      E    a)(R[S    ]) 

aeY 


Theorem  5.13.   Let  S  be  a  semilattice  Y  of  semigroups 

S   (a  e  Y)  .   Then  U(RLS])  £  ill      r  s|  Z   r   e  U(R)}. 

aeY  seS   S   seS   S 

a       a 

Equality  holds  if  and  only  if   E  lo(R[S  ] )  is  a  7T-ring. 

aeY 
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Proof.   Since  U(R[Y])  =  U(R)[YJ  by  Lemma  5.12,  then 

U(R[S])  c  (U(R[Y]))n-1  =  (U(R)LY])n_1  =   E  {  E   r  s|  E   r 

aeY  seS      seS   S 

a        a 

e  U(R)}.    Furthermore,  U(R[Y])  =  (U (R[ Y] ) ) n'1/ (  E  u>(R[S  ])). 

aeY      a 

The  result  follows  from  conditions  (ii)  and  (iv) . 

The  following  result  illustrates  the  usefulness  of 
Theorem  5.13. 


Corollary  5.14.   Let  S  be  a  strong  semilattice  Y  of 
rectangular  bands  S   (aeY).   Then,  if  (J  =  J,  G  or  W, 

U(RISJ)  =   E  U(R[S  ])  =   E  {  E   r  s|  E   r   e  U(R)}. 

aeY      a      aeY  seS   S   SeS   S 

a        a 

Proof.   For  each  aeY,   U(R[S  ])={E   r  si  E   r   e 

a         _   s  '  „      s 
seS      seS 

a       a 

U(R)}  by  the  remarks  following  Corollary  5.2.   Thus,  for  each 
aeY,  oj(R[S  ])  c  U(R[S  ]).   Hence,  co(R[S  ])  is  a  ir-ring  by 
condition  (ii)  for  each  aeY.   By  Corollaries  3.12,  3.14,  and 

3.16,    E  to(R[S  ])  is  a  TT-ring.   The  result  follows  from 

aeY      a 

Theorem  5.13. 

In  the  case  where  Y  is  finite,  we  obtain  a  more  general 
consequence  of  Theorem  5.13.   We  first  prove  another  lemma, 
for  which  we  do  not  need  the  full  strength  of  hypotheses  (i)  - 
(iv)  on  tt. 


Lemma  5.15.   Let  tt  be  a  hereditary  radical  property  that 
is  extension  closed.   Let  R  be  a  supplementary  semilattice  sum 

of  rings  R   (aeY)  over  a  finite  semilattice  Y.   Then  R  is  a 

3    a 

TT-ring  if  and  only  if  R   is  a  TT-ring  for  all  aeY. 
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Proof.   Suppose  first  that  |y|  =  2.   Then  Y  =  {a  >  g}. 
Hence,  R/RR  -  R  /  and  thus  R  is  a  ir-ring  if  and  only  if  R 
and  Rfi  are  TT-rings. 

Assume  the  result  holds  for  all  semilattices  of  cardinality 
<  n  (n  >  2)  .   Let  |y|  =  n.   Let  a  e  Y  such  that  a   is  not  the 

zero  of  Y.   Then  F   =   E  RD  and  I   =   E  R„  are  supplementary 

B^a  3ia 

semilattice  sums  over  semilattices  of  cardinality  <  n.   By 

assumption,  F   and  I   are  TT-rings  if  and  only  if  RR  is  a 

ir-ring  for  all  3  e  Y.   Since  R/I   -  F  ,  R  is  a  ir-ring  if  and 
r  '  a     a  r 

only  if  RR  is  a  TT-ring  for  all  3  e  Y.   The  result  follows  by 
induction. 

Corollary  5.16.   Let  S  be  a  finite  semilattice  Y  of 

rectangular  bands  S   (a  e  Y) .   Then   (RlSJ)  =   E  U(R[S  ])  = 

aeY 

Z    {    I      r  s  |  E   r  e    U  (R)  }. 

aeY  seS   S   seS   S 

a       a 

Proof.   For  each  aeY,  U(R[S  ])  =  {E   r  si  I   r   e  U(R)} 

a       B    c   s  '   c   s 
SeS      SeS 

a       a 

by  Corollary  5.2.   Thus,  co(r[s  ])  c  U(R[S  J)  for  all  aeY. 
Since  tt  is  hereditary,  cu(R[S  j)  is  a  TT-ring  for  all  aeY. 

Since  Y  is  finite,   E  uj(R[S  ])  is  a  TT-ring  by  Lemma  5.15.   The 

aeY      a 

result  follows  from  Theorem  5.13. 

We  note  that  any  band  is  a  semilattice  of  rectangular 
bands.   Corollary  5.16  thus  determines  the  TT-radical  of  any 
semigroup  ring  over  a  band  that  is  a  finite  semilattice  of 
rectangular  bands. 

We  now  consider  the  possibility  of  extending  the  pre- 
ceeding  results  to  the  case  of  twisted  semigroup  rings. 
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Let  <J>:  S,  +  S.  be  a  semigroup  homomorphism,  and  let  R 
be  a  ring  with  identity.   Let  Y-i  '    S,  x  S,  ■*  U  and  y2:  s?  x  s? 
->  U  be  twist  functions  into  the  group  U  of  central  units  of 
R.   Define  the  mapping  <j>:  R  [S,]  -»•  R  [S_]  by  (rl)$  =  r  (s^-) 
for  r  e  R,  s  e  S,  .   Clearly,  (j>  preserves  addition.   For 


s,s'  e  S-,  (s»s')<{>  =  (Y-j_  (s,s'  )ss'  )<J>  =  Y-l  (s,s'  )  (ss1  )  <|)  = 


Y^SjS' )  (s<j>)  (s'<j>)  ,  and  (scj))  •  (s '  c}>)  =  (scj))  (s'<J>)  = 


Y9  (s<J)  ,s'  <)))  (scj))  (s'<j)).   Hence,  $  preserves  multiplication  if 

and  only  if  y-i  (s,s')  =  y?  (s<))  ,s '  <())  for  all  s,s'  e  S,.   We  call 

<J)  compatible  if  such  an  equation  holds. 

Let  S  be  a  strong  semilattice  Y  of  semigroups  S   (a  e  Y) 

with  associated  family  {<}>   0:  S   ^-S0|a,3  e  Y,  a  >  3}.   Let  Y 

a ,  p    a     p 

be  a  twist  function  from  S  x  S  into  U.   Let  y   denote  the 

a 

restriction  of  y  to  S   x  S   for  a  e    Y.   In  general,  <b      0 

1      a    a  ^         a,  3 

not  be  compatible  with  y   ^nd  yr;  i.e.,  the  equation 


need 


Y  (S      ,t     )      =     Y      (S      ,t     )      =     Yd  (S     4>         art.     <j>         0 )      =     Y(S     <t>         oft     <|)         Q) 

'a      a  'a      a      a  '3      ora,3      aTa,3  aTa,3      aTa,3 

need  not  hold  for  all  s  ,t   e  S   and  a, 3  e  Y  with  a  >  3. 

a'  a     a 

If  <j>   R  is  compatible  with  y   ^^d  yr  for  all  a,  3  e  Y  such  that 


a  > 


,  then  R  [Sj  is  a  strong  supplementary  semilattice  sum 


of  the  twisted  semigroup  rings  R  [S  ]  (a  e  Y) ,  and  the  results 
of  Chapter  2  and  3  are  applicable. 
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